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RENORMALIZATION OF THE TWO-DIMENSIONAL 
LOTKA VOLTERRA MODEL 

By J. Theodore Cox^ and Edwin A. Perkins^ 

Syracuse University and University of British Columbia 

We show that renormahzed two-dimensional Lotka-Voherra mod- 
els near criticality converge to a super-Brownian motion. This is used 
to establish long-term survival of a rare type for a range of parameter 
values near the voter model. 

1. Introduction. We consider here the two-dimensional version of a spa- 
tially explicit, stochastic Lotka-Volterra model for competition introduced 
by Neuhauser and Pacala in [7] . The idea there was to formulate and study 
a model for use in plant ecology which was based on individual, stochastic 
short range interactions between plants. Most classical competition models 
are "mean field" differential equations models, and do not take into account 
the spatial locations of individual plants or individual dynamical effects. 
Neuhauser and Pacala proved that their model differs in interesting ways 
from the classical differential equations models. We refer the reader to [7] 
for a discussion of the biological significance of their findings. 

In our previous papers [2] and [3] we studied this model in dimensions 
d>3. In [2] we proved that suitably rescaled nearly critical sequences of 
these processes converge to super-Brownian motion. In [3] we used this con- 
vergence and a renormalization argument to prove that survival and /or coex- 
istence hold for certain parameter regions. In fact, these results were proved 
for a more general class of models we called voter model perturbations. 

Our goal here is to extend this work to the more biologically relevant case 
d = 2, the critical dimension. The fact that the two-dimensional random 
walk is recurrent requires that we use a different mass normalization than 
in the d > 3 case, and this complicates the analysis considerably. We believe 
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that appropriate versions of our main results, Theorems 1.2 and 1.3 below, 
hold for the general voter model perturbations of [2], but in order to keep the 
presentation as simple as possible, we will consider only the Lotka-Volterra 
models which we now define. 

The state space for our process is {0, 1}^'' , where Z*^ is the d-dimensional 
integer lattice. For ^ G {0,1}^'', we interpret ^{x) = i to mean there is a 
plant of type i at site x S Z"^, i = 0, 1, and we will sometimes identify ^ 
with the set {x G Z'^:^(a;) = 1}. The parameters for our process are two 
nonnegative numbers ao,ai, and a probability mass function prZ'^ — > [0, 1] 
which satisfies p(0) = 0, p is symmetric with covariance matrix cj^J, and the 
kernel p{x,y) =p{y — x) is irreducible. 

Define the local densities fi = fi{£,) = {fi{x,S,),x G Z*^), 



(1.1) /i(x,e)=Ep(y-^)i{e(y)=i}, i = o,i,xGZ'^,eG{o,i}^ 

y 



and the Lotka-Volterra rate function c{x,£^) by 



(1.2) c(x,e) = { 



/i(/o + ao/i), if^(x) = 0, 
/o(/i + ai/o), if^(x) = l. 



The Lotka-Volterra process is the unique {0, 1}^ -valued Feller process 
with rate function c(x,i^), meaning that the generator of is the closure of 
the operator Q: 

X 

on the set of functions (f) : {0, 1}^'' — > M depending on only finitely many 
coordinates (see, e.g.. Remark 2.5 of [3]). Here £,^{y) = £,{y) for y / x and 

e(x) = i-e(x). 

One can interpret the rate function in the following way. A plant of type 
i at site x in configuration ^ dies at rate fi + oiifi-i and is immediately 
replaced by a plant of type ^(y), where y is chosen with probability p{y — x). 
The death rate incorporates both interspecific and intraspecfic effects. The 
parameter ctj measures the competitive effect of the neighboring type 1 — i 
plants on type i, while we set the self-competition parameter equal to one. 

Since /o + /i = 1, c(x,^) can also be written in the form 



(1.3) c(x,e) = {' 



/i + (ao-l)/f, ife(x)=0, 
/o + (ai-l)/o2, ife(x) = l. 

Setting ao = ai = 1 results in the well-known voter model (see Chapter 4 of 
[6]). In [1] an invariance principle was proved for the voter model. Namely, 
appropriately rescaled voter models converge to super-Brownian motion. 
The above form for c(x,^) suggests the possibility of a similar result holding 
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for the Lotka-Volterra model for parameters Oi sufficiently close to one. This 
is the case, as was proved in [2] for high dimensions, d>3. We briefly recall 
the main result of that paper. 

We define a sequence of rescaled Lotka-Volterra models as follows. Con- 
sider a sequence {af^ : G N} of values for i = 1, 2 and let = Ct^^ denote 
the Lotka-Volterra model with ai = af. For iV = 1, 2, ... , let Sn = Z'^/y/N 
and define the kernels pjy : S^r ^ [0, 1] by 

(1.4) pn{x) =p{xy/N), xGSat. 

For ^ G {0, 1}^^, the rescaled densities = (0 = if-^ ix,0,x£ Sn), are 
given by 

(1.5) ff{x,o=T.PN(y-^)^i^(y)='}^ ^ = 0'i- 

yeSN 

Thenef(x)=eff(xViV),xG Sat , is the unique Feller process taking values 
in {0,1}^^ with rate function 

na^ ( t^_/A^(/f + ife(a;)=0, 

(1.6) CM{X, Q - I ^^^^ ^ _ ^^^fN^2^^ if ^(^) ^ 1. 

Given a sequence N' = N'{N), we define the measure- valued processes 
X/^by 

where 5x is the unit point mass at x. That is, we place an atom of size 
1/N' at each site x with £,t^{x) = 1. (We will see below that the appropriate 
choice for A^' is dimension dependent.) If J2x (^) < then for each t>0, 
G A^/ = A1/(M'^), the space of finite Borel measures on W^, which we 
endow with the topology of weak convergence. Let L'([0, oo), A^/) be the 
Skorokhod space of cadlag M. j-valued paths, and let ^x,c be the space of 
continuous M /-valued paths with the topology of uniform convergence on 
compacts. In either case, Xt will denote the coordinate function, Xt{ijj) = 
uj{t). Integration of a function (p with respect to a measure fi will be denoted 
by /u((/>). Also, we will use 1 to denote the function identically one on M*^. 
We make the following assumptions about the initial states : 

(1.8) 

(b) X^^Xo mMfiW^) as N^oo. 
Our basic assumption concerning the rates af^ is, for i = 0, 1, 



(1.9) 6'f = A^'(af - 1) ^ 6*^ G M as A^ ■ 



oo. 
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In some places we only require that 

(1.10) ^ = 1 V sup{|6'f I : i = 0, 1, iV = 1, 2, . . .} < cx). 

Let Pn be the law of on D{[0,oo),Mf) and for Xq G Mf, let P^f 
be the law of super-Brownian motion with branching rate 7, drift 6 and 
diffusion coefficient o"^ on i^x,c (and on L'([0, 00), Alj)). (See Section 3 

below for a characterization of Px^'"^ •) 

In [2] it was shown that, for dimension d>3 and with N' = N, P/v =^ 

Pxq''^ as iV ^ 00 for certain parameters 7 and 9, where denotes weak 
convergence on D{[0,oo),Mf). To define these parameters, we introduce 
random walk systems {Bf,t > 0, x G Z'^} and {Bf, t > 0, x G Z'^}. The walks 
-Bf and Bf are rate one walks with step distribution p{-) and Bq = Bq = x. 
The system {Bf,t > 0, x G Z"^} is a system of independent random walks. 
The system {Bf,t > 0, x G Z"^} is a system of coalescing random walks, mean- 
ing that the walks move independently of one another until they meet, at 
which time they coalesce and move together. We define the collision times 
r(x,y) = inf{t >0:Bf = Bf} and f(x,y) = inf{t >0:Bf = Bf}, and the 
constants 

7e = ^p(e)P(f(0,e)=oo), 

e 

70 = ^p(e)p(e')P(f(0, e) = f(0, e') = 00), 

e,e' 

71 = I^P(e)p(e')^(T(0, e) = f(0, e') = cx), f(e, e') < c3o). 

e,e' 

In [2] we proved the following. 

Theorem 1.1. Assume N' = N and d>3, and (1.8) and (1.9) hold. 
Then 

Pj^ =^ Plg'^'^'"' as 00, 

where 9 = 0o7o — ^i7i • 

The strategy used for the proof of Theorem 1.1 in [2] was the follow- 
ing. First, derive a semimartingale representation for X^ . Second, obtain 

bounds on X^ (1), which, along with the semimartingale representation, 
lead to a proof of tightness of the laws P/v- Finally, show that any limit- 
ing martingale problem for X^ takes the form of the martingale problem 
characterizing super-Brownian motion. Unfortunately, there are significant 
difficulties implementing this approach when d = 2. 
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For the two-dimensional voter model, the appropriate mass renormaliza- 
tion factor is N' = N/{logN) (see Theorem 1.2 in [1]). The normalization 
N' = N leads only to deterministic heat flow in the limit, as in [9]. Adopt- 
ing this N' , the first problem we encounter is that the estimates in [1] no 
longer imply even boundedness of X^(l), let alone boundedness. 
This means that even tightness is a more complicated issue than it was 
before. The method used for d > 3 in [2] depended on the fact that over 
short time scales e the Lotka-Volterra dynamics are quite close to voter 
dynamics, as the rates of the "perturbation terms" are of smaller order. 
By conditioning back time e, we allow the quadratic terms in the drift to 
relax to voter model equilibria values, and this produces the constants in 
the limiting super-Brownian motion. We needed to choose e = £{N) ^ so 
that the Lotka-Volterra process is still well approximated by the voter dy- 
namics, but slow enough so that the system has a chance to relax. Here, 
however, our errors in the voter model approximation to the Lotka-Volterra 
model are multiplied by a factor of logA'^. This effectively puts an upper 
bound on e so that the voter approximation over time e is good enough. 
At this point we must verify that this still gives the system enough time 
to relax to its equilibrium values. The factor of logA^ also makes our total 
mass bounds problematic. Again, the key is the above voter comparison, as 
once we pass to the voter model over short time intervals, the voter model 
clustering in d = 2 effectively absorbs this factor, providing e is enough time 
for the system to cluster. 

Another new issue for d = 2 is that even to define the parameters of our 
limiting super-Brownian motion some new two-dimensional random walk 
estimates are required (see, e.g.. Lemma 2.5 and Proposition 2.1 below). 

To state our results, we introduce the two-dimensional potential kernel 
a{x), 



Note that a{x) > since symmetry of p{-) implies P{B^ = 0) > P{Bf = 0). 
We may now define 



(1.11) 



a{x)= [P{B^ = 0)-P{B^ = 0)]dt 



Jo 





(1.12) 



X P(T(0,e) Ar(0,e ) >r(e,e' 




X a{y-x). 



The fact that 7* is finite is contained in Proposition 2.1, proved in Section 2. 
Our two-dimensional Lotka-Volterra invariance principle is the following: 
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Theorem 1.2. Assume d = 2, N' = N/{\ogN), and (1.8) and (1.9) 
hold. Then 

=^> Fj^^ as Jy ^ oo, 

where 9 = ^*{9q - Oi). 

Theorem 1.1 was used in [3] to prove, for dimensions d > 3, that survival 
holds for a region of parameter values a = (ao, ai) near (1, 1). If -P" denotes 
the dependence of the Lotka-Volterra model on a, survival for parameter 
values a means that 

> for alH > I l^ol = 1) > 0, 

where |.^| = ^^Ai^)- ^ similar result holds here. Let S be the set of all 
(ao,ai) for which survival occurs. For < < 1, define S'^ to be the set of 
all (ao, ai) 7^ (1, 1) such that 

r(l-?7)(ao-l), ifao>l, 
' l(l + ??)(ao-l), ifao<l. 



Theorem 1.3. For < < 1, there exists r{r]) > such that survival 
holds for all {aQ,ai) £ 5** such that 1 — r{r]) < oq and ai<l + r{ri). 

If S'^ = {(Qo,ai) £ :l — r{if} < uq and ai < 1 + r{T])}, Theorem 1.3 
shows survival holds on the region S = Uo<r;<i illustrated in Figure 1. 

Theorem 1.3 follows from Theorem 1.2 by a cavalier interchange of limits. 
Long-term survival for the limiting super-Brownian motion in Theorem 1.2 




1 (to 



Fig. 1. Survival region of Theorem 1.3. 
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occurs iff ^ > 0, tliat is, 9q> 9i. Interchanging limits as ^ cxd and t ^ oo 
leads to survival of the original particle system for uq > a\ and a near 
(1, 1). The monotonicity of the Lotka-Volterra models (increasing in ag 
decreasing in ai) established in Section 1 of [3] [see (1.3) of that work] allows 
one to infer survival for larger values of and smaller values of a\ as stated 
in Theorem 1.3. 

The above interchange of limits argument is carried out for d > 3 in 
Theorem 1 of [3], where now > in Theorem 1.1 leads to survival for 
|q;o — 1| <r{r]) satisfying 



where mo = 71/70 < 1. In the proof of Theorem 1.3 the interchange of limits 
is justified by a comparison with super-critical oriented percolation as in [3]. 
To obtain suitable independence in our percolation events, we must study 
the Lotka-Volterra model with boundary conditions outside a large box 
and show the effect of these boundary conditions is small on an appropriate 
space-time region (Lemma 9.1). This argument is now more involved than 
the corresponding one in [3] due to the different mass normalization and the 
fact that the conditioning technique used in the convergence theorem must 
be adapted to handle this new type of bound. 

Note that in Theorem 1.3 survival fails at the point a = (1,1) itself. We 
conjecture that Theorem 1.3 is sharp in the following sense: 

Conjecture. There is a continuous curve ai = g{ao), tangent to ai = 
oq at (1, 1), so that survival fails above the curve for oq close to 1. 

The corresponding conjecture has been proved for c? > 3 to the left of 
(1, 1) with the slope tuq in place of 1, but in fact is false to the right of (1, 1) 
(with slope mo) in this higher dimensional setting. The exact state of affairs 
will appear in a forthcoming article with Rick Durrett. 

We say coexistence holds for the Lotka-Volterra model if there is a sta- 
tionary distribution under which there are both O's and I's (necessarily 
infinitely many of each) a.s. For d>3, it follows from (1.13) and symmetry 
that survival of O's will occur if 

(1.14) ai — 1 > (mo + ri)^^{ao — 1), ao < 1 and close to 1. 

We have restricted ao < 1 so that the regions in (1.13) and (1.14) intersect 
in a local nonempty wedge to the left of (1,1) containing a local piece of 
the diagonal ai = oq (see Figure 3 in [3]). The survival of both types for 
parameter values in this local wedge easily leads to coexistence in this local 
wedge for d>3 (see Theorem 4 of [3]). The wedge is nonempty because 
mo < 1. For d = 2 hi Theorem 1.3, we are in the critical case mo = 1, and the 



(1.13) 




if ao < 1) 
if ao > 1, 



8 



J. T. COX AND E. A. PERKINS 



above proof of coexistence just fails. Neuhauser and Pacala have conjectured 
coexistence holds along the diagonal uq = a\ for qq < 1 (see Conjecture 1 
of [7]) and proved it for small ao (see Theorem 1 of [7]). Theorem 4 in [3] 
confirms this for d > 3 for close to 1, but Theorem 1.3 and the above 
Conjecture suggest that for d = 2 their conjecture is quite delicate near 
ao = 1- One approach to establishing coexistence near ao = 1 would be to 
derive second order (concave up) asymptotics for the survival region near 
(1, 1) and so deduce survival in an open thorn with tip at (1, 1) with slope 
1. 

Section 2 gives an alternative description of 7* and proves it is finite 
(Proposition 2.1). The martingale problems for both the approximating 
Lotka-Volterra processes and limiting super-Brownian motion are provided 
in Section 3. In Section 4 we state the key bounds, including and 
bounds on the total mass (Proposition 4.3), a mean measure bound (Propo- 
sition 4.4), and asymptotics for the increasing processes arising in the mar- 
tingale problem for obtained in Section 3 (Proposition 4.7). We then 
show how Theorem 1.2 follows from these estimates. Section 5 contains mass 
and mean measure bounds for the voter and biased voter models. Both upper 
and lower biased voter models are used because they are simpler to handle 
than the Lotka-Volterra model, and bound it above and below, respectively. 
The voter model estimates are obtained by direct duality calculations, and 
the biased voter bounds are then obtained by conditioning back over short 
time intervals, arguing that the voter dynamics are close over such intervals. 
In Section 6 the above bounds and techniques are used to prove Proposi- 
tions 4.3-4.5. The proof of Proposition 4.7, which is more delicate as the 
demands on our e relaxation time are more severe, is split over Sections 7 
and 8. Finally, the proof of Theorem 1.3 is given in Section 9. 

Note. Henceforth, we will assume that d = 2 and A^' = A^/(logA^). 

2. Characterization of 7*. Recall the independent system of random 
walks {Bf,x ^1?^ and the coalescing random walk system {Bf,x ^7?} 
from Section 1, and also the collision times t(x, y) and f (x, y). For e, e' E Z^, 
define the event Trie, e') = {f(e, e') < T, f(0, e) A f (0, e') > T}, and let 

(2.1) 9T= E p{e)p{e)PiTT{e,e')). 

We will need the following characterization of 7* defined in (1.12). 
Proposition 2.1. 



(2.2) 



7* = lim {logT)qT < oo. 

T — ^■oo 
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Before beginning the proof of Proposition 2.1, we assemble some facts 
about two-dimensional random walk. Let = inf{t > : = x}, and write 
to indicate the law of the walk Bf. Let P(-) =Y.eeZ'2Pi^)P'^i')i ™d 
define 

(2.3) H{t) = P{To>t). 
Let l^l be the Euclidean norm of x G M^. 

Proposition 2.2. 

(2.4) lim i?(i)logt = 27rcj^ 

(2.5) P''{To >t) ^ x G Z2, t > 0. 

(2.6) lim -^""(^o^^) =a{x) forallx^I?. 

t-+oo H(t) 

(2.7) a{x)/\x\^ X ^ G is hounded. 



Remark 2.3. The trivial bound (2.7) is derived below. In fact, it is not 
hard to show a(x)/log \x\ — > I/tto"^ as \x\ — > oo. If Yl,e \^Yp{^) < oo for some 
r > 2, this limit is a simple consequence of the far more precise P12.3 in [10]. 

Proof of Proposition 2.2. The limit (2.4) is weh known, for ex- 
ample, see Lemma A. 3 in [1] for a proof. Now let 1^,, n = 0, 1, 2, . . . , be a 
random walk with step distribution p(-), and let ax = infjn > 1:1^ = x}. 
We will abuse notation slightly and also let P^ denote the law of the walk 
starting at Yq = x. We note that a(x) defined in (1.11) is also given by 
T.^^,[P%Y^ = f))-P\Yn = x)]. 

By P11.5 in [10], P^{crx < (Tq) = l/2a(x). Since the sequence of states 
visited by the walk Bf is equal in law to the sequence visited by the walk Yn 
(with Yq = 0), it follows that P{tx < tq) = l/2a(x). By the strong Markov 
property, 

H{t) > J2 Pie)P%Tx < TO and tq > t) 

> Y.p{e)P%Tx<To)P^{To>t), 

and (2.5) follows. 

For (2.6), we recall the (discrete time) result T16.1 of [10], 



(2.8) 
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A standard result (see the local limit theorem P7.9 of [10]) is 

(2.9) (logn)P°(f7o >n) ^27ro-2 as ?i ^ oo. 

In view of (2.4), H{t) / P^{ctq > t) — > 1 as t — > oo, and therefore, in order to 
prove (2.6), it suffices to show that 

(2.10) li.nf;^°>''^L 

To do this, let S{t),t > 0, be a rate one Poisson process, independent of 
the walk Yn- Then is a realization of B?. By a standard large deviations 
estimate, there is a constant C > such that e'~'*P{S{t) ^ [t/2,2t\) ^ as 
t — > oo . Consequently, 

^"(ro>t) 

= o(e-^*)+ ^^^(^o>fc) 

fce[i/2,2i] 

<o(e-^*) + P^Xf^o>i/2) 

as t ^ oo, and similarly, 

^'"(ro > t) > (1 - o(e-«))P^(ao > 2t). 

These inequalities, together with (2.8) and (2.9), imply (2.10). 

Finally, let 'il^{6) be the characteristic function of Yi, ip{6) = Yl,x e^^'^p{x), 
G Then (see equation (12.3) in [10]) 

/I _ „ix-e 
,-7r,7r]2 1 - tid) 

Since |1 — e*^'^| <|2;||0| and |0|/|1 — ^(0)| is integrable over [— 7r,7r]^ (see the 
paragraph after (12.3) in [10]), (2.7) holds. □ 

The next result is a general inequality which we will apply to bound the 
probability that walks starting from 0, e, e' avoid each other for at least time 
T. 

Lemma 2.4. Let X,Y be nonnegative random variables. For any con- 
stant c> 0, E{XY A c) < ^/cE{X + Y). 

Proof. For any a > 0, 

E{XY A c) = E(XY A c; y < a) + E{XY A c; Y > a) 
<aE{X)+cP{Y>a) 
<aE{X)+cE{Y)/a. 

Now let a = i/c. □ 
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Lemma 2.5. For distinct sites 0, ei, 62, let r = r(0, ei) At(0, 62) Ar(ei, 62). 
Then forT>0, 

P{t >T)< {2H{2T)f'^{a{ei)+a{e2))^a{ei - 62). 
Proof. Define 

Xt = P{t>T\bIq<s<T) 

and 

= P(t(0, > T I 5°, < s < T), i = 1, 2. 

Note that (2.5) implies that, for i = 1,2, ^(x^) < 2a{ei)H{2T) [since - 
B^^ is a rate-two random walk with step distribution p{-)]. By independence, 

P(t(0, ei) > T, r(0, 62) > T | 2?°, s < T) = Xxxh 

and also 

P(T(ei, 62) > T I s < T) = P(T(ei, 62) > T) < 2a(ei - e2)H{2T). 
Consequently, since each Xr — 

XT<xkTA2a(ei-e2)i/(2r). 
We may now apply Lemma 2.4 to complete the proof. □ 

Proof of Proposition 2.1. Since rr(e,e') C {^(0,6) > T}, summa- 
tion over e' gives qr < Eeez2 P(e)-P(T(0, e) > T) = Eeeza P(e)^(T(0, e) > 
T) = F(2r). It follows from (2.4) that gT(logT) is bounded as T ^ 00. 

By the Markov property. 




(2.11) B0 = x,B^ = 2/) 

X P{f{x,y)>T -u). 

Below we will use the fact that this expression is unchanged if we replace 
the coalescing walks and corresponding hitting times 13 and f with the 
independent walks B and r. Since 

(log T)P{t{x, y) > T — u) ^ 27rcr^a(x — y) as T — > co for fixed u, 

by (2.4) and (2.6), it follows from Fatou that liminfy-^oo Qri^ogT) > 7*, and 
therefore, 7* is finite. 
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The next step is to apply Lemma 2.5 and see that we may restrict the 
integral in (2.11) to u < T/2. By Lemma 2.5, 

logT J2 p(eMe')P(T(0,e) Ar(0,e')Ar(e,e')>r/2) 



<(logr)(2if(r))3/2 ^ p(^e)p{e'){a{e)+a{e'))^a{e-e'). 

By (2.7), the sum above is finite, and so by (2.4), the right-hand side above 
tends to as r ^ oo. 

Now for u < T/2, (2.4) and (2.6) imply 

(log T)P{t{x, y) > T — u) ^ 2TTa'^a{x — y) as T — > oo, 

and (2.5) implies 

(logr)P(T(x, y)>T-u)< 2aix - y){\ogT)H{T /2). 

The right-hand side above is no larger than a fixed multiple of a(a; — y) by 
(2.4). Since we have already established the integral defining 7* is finite, we 
may apply the dominated convergence theorem to conclude that 



los 



j-T/2 

3gr / Pie)p{e')P{T{0, e) A r(0, e') > r(e, e') G du, 

Jo ,^^72 

(2.12) i?o = x,i?^ = y) 

xP{T{x,y)>T-u)^j*, 
which completes the proof of Proposition 2.1. □ 

3. Semimartingale decompositions. Let be the rescaled Lotka-Volterra 
model as defined in Section 1. Following [2], we introduce the following no- 
tation. If 

iPGCbiSN), ^ = Mx), Mx) = -^<P{s,x)eCh{[0,T]xSN), 
and s <T, define 

(3.1) ANmx)= J2 NpN{y-x){i;{y)-^{x)), 

yeSN 

(3.2) Df'\<p)= ['x^iAN<P, + <j),)ds, 

Jo 

(3.3) Dn^) = ^^^^ f J: c^.(x)l{ef (x) = 0}(/f (x,ef ))^d., 

x£Sn 
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(3.4) D^'^icP) 

(3.5) 

(3.6) X [(a^-l)l{e(x) = 0}(/f (x,e))2 

+ (af - l)l{ef (x) = l}(/o^(x,e))^] ds. 

Note that {M^ {(/))) 2,t may be negative. If X. is a process, let (-Fi^,t >0) be 
the right-continuous filtration generated by X.. 

The following result is Proposition 2.3 of [2], which was stated in the case 
N' = N. Only trivial modifications of the proof of that result are necessary 
to prove the following for general, and hence, our choice of, A^'. Recall that 
X!^ is as in (1.7). 



iV(ai-l) /•* 



N' 



N 



{N'y Jo 



E c/..(x)i{ef(x) = i}(/o^(x,ef))'d., 

yeSN 



Proposition 3.1. For (p,<j)£Cb{[0,T]xSN) andt£[0,T], 

(3.7) X^{<Pt) = ^o^(0o) + Df'{<P) + Aff (0), 
where 

(3.8) (0) = Df^\c^) + '2(<A) - '^(<A) 

and {(j)) is an {J't^^) square-integrable martingale with predictable square 
function 

(3.9) (M^(0)), = (M^(<^))i^, + (M^(0))2,. 



Having described our approximating martingale problems, it is a good 
time to recall the target martingale problem. Let C^{W^) denote the space 
of bounded infinitely differentiable functions on with uniformly bounded 
partial derivatives. An adapted a. s. -continuous Afj(]R'^) -valued process Xt,t> 
0, on a complete filtered probability space {0,,J^,J^t,P) is said to be a super- 
Brownian motion with branching rate 7 > 0, drift 9 and diffusion coef- 
ficient cr^ > starting at Xq G Aif{M.'^) iff it solves the following martingale 
problem: 
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(MP) For all ct)€C^{R'^), 

(3.10) Mt{<P) = Xt(0) - Xo{<P) - X, ds - S f^XM) ds 

is a continuous (.7^^)-martingale, with Afo(0) = and predictable square 
function 

(3.11) {M{<P)),= f'xs{l<P^)ds. 

Jo 

The existence and uniqueness in law of a solution to this martingale problem 
is well known (see, e.g., Theorem II. 5.1 and Remark II. 5. 13 of [8]). Recall 

from Section 1 that -Pjf ''^ denotes the law of the solution on ^x,c (and 
also on D{[0,oo),Mf)). 

4. Convergence to super-Brownian motion. The goal of this section is to 
outline the proofs of the following two key results. Recall that if S" is a metric 
space and {Qtv} is a sequence of probabilities on Z)([0, oo), 5), then {Qn} is 
C-tight iff it is tight and every limit point is supported by C([0, oo), S). 

Proposition 4.1. The family of laws {Pn,N G N} is C-tight. 
Proposition 4.2. If P is any weak limit point of the sequence Pm , then 

p _ p4:na^ ,9,a^ 

Clearly, Theorem 1.2 follows from these propositions. We say "outline" 
because we will state the key technical ingredients as Propositions 4.3-4.7 
below, and assuming their validity, derive Propositions 4.1 and 4.2. Propo- 
sitions 4.3-4.7 will then be established in Sections 6-8. 

Proposition 4.3 gives "total mass" bounds and will be used to prove that, 
for G Cl'^{M.+ xM.^), each of the families X.^ (</>), D^' (</>), M.^((/.) and 
{M^{(j)))., N = l,2,..., is C-tight (see Proposition 4.11 below). Proposi- 
tions 4.4 and 4.5 provide "spatial mass" bounds which are used to prove the 
required compact containment condition (Proposition 4.12 below). Proposi- 
tion 4.7 will be used to identify the weak limit points of the P/y. 

Let 

(4.1) 9(s) = C4.i5-'/'e^4.1^ 

where C4 ]^ is a positive constant which will be chosen in Section 6. 

Proposition 4.3. (a) For T>0, there is a constant C^ ^O^) -^^c/i that, 
for all iV G N, 

(4.2) supE(Xf(l))<C^.g(r)Xo^(l), 



(4.3) E(^uvX^{lf^<C^_2iT){X^{l? + X^{l)). 
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(b) For all s>0 and iV G N, 

(4.4) (logiV)ii;(Xf (/o^(.,e))) < 9{s)X^{i), 

(4.5) (logiV)i?(Xf(l)Xf(/o^(.,e)))<5(s)(Xo^(l)' + Xo^(l)). 

To state the next bounds, we need some additional notation. For D C'M? 
and (/) : D — > R, define 

<?'Lip = sup<^ ■ ■ -.Xy^yeD} and 

, , I \x-y\ J 

(4.6) 

iLip = |</>|Lip + 



Let A^itl^) = {N + eiogN)^{i;), with semigroup P; 



Proposition 4.4. Forp> 3, there is a C^/j{p) such that, for any t>0 
and 0:R2 ^M+, 

(4.7) 

+ C^.7e^^-7*||<A||Lip(logiV)(^-^)/2Xo^(l). 



Proposition 4.5. For p> 3, there is a constant C^_g{p) such that, for 
a//(/>:IR2^M+, i/ e = (log iV)-P, then 

i?(Xf (log iV0/o^(-,ef ))) < C^.5Xo^(l)||0||Lip(logiV)(^-^)/2 

(4.8) 

Remark 4.6. It will be immediate from the proofs that the constants 
in Propositions 4.3, 4.4 and 4.5 will depend only on the kernel p{ ) and 9 (as 
well as the choice of parameter p in the latter two). This will be convenient 
in Section 9. 

Proposition 4.7. Let sup^^^ indicate a supremum over all Xq G A^j(SAr), 
(/):R2 ^ M and t>0 satisfying X^{1) < K, ||0||Lip <K and t<T. Then 
for every K,T > and <p <2: 

(a) \im^^^snpK,TEi\Ioi^^ilogN<p^f^{;^^))-27Ta^X^i^^))ds\P) = 

0; 

(b) fori = 2,3, limN^ocSupK^TE{\Df'\4>)-IoOi-2rX^{(t>)ds\P) = 0. 

Assuming the validity of these results, we can now prove tightness for the 
sequence of laws {P/v : = 1, 2, . . .}. 
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The first step is to obtain more precise information on the terms in the 
decomposition of X^^ {(f)) given in Proposition 3.1. Lemma 4.8 below bounds 
the terms in the increasing process {M^ {(j)))f and some of the terms in the 
drift D^{4)). 

Lemma 4.8. There is a constant g such that z/0: [0,r] x Sat — > M is 
a hounded measurable function, then for <t <T: 



(a) (M^(0))2,, = /o*m^,(0)fis wh 



ere 



(4.9) \ml{<t>)\<C^,g^-^X^il), 0<s<t. 

(b) 



(4.10) {M'\<P)),, = 2 XmiogN4>if^^e;))ds+ mi,(</>,)d., 

Jo Jo 

where 

(4.11) \m^^M\ < ^^•^^^ ||c/>.||Lp^f(l), < . < t. 

(c) For i = 2,3, D^'\(/)) = Jq '*((/>) ds, where 

\d^''m < C^^gUsW^X^ilogNf^iC^)), 0<s<t. 

Proof, (a) From (3.6) and (1.10) we have 

(b) Use (e(2/)-e(x))2=ef (^)(i-ef (2/))+e(y)(i-e(x)) in (3.5) 

to conchide that 

(M'^mi, = f E T.PN{y -x){i- eiy)) ds 

•^0 X y 

xpN{x-y)C^{y)il-C^{x))ds. 
This is the required expression, where 



^''''^T.T.(Mx) + My)){Mx) - My)) 



X y 



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 



17 



xp7v(x-y)e(y)(l-e(x)) 



N I 



<(logiV)2||0,||oo|</'s|Lip^E^i^(y)Ely-^l^'^(y 



iV 

since Yl,x \Apn{x) < ^2a^ jN . 

(c) Use (3.3) or (3.4), and (1.10) to see that, for i = 2 or 3, 

idf'^(<^)i<e"iogiv||<^,iu^EE^f(^)(i-^f(2^)W(y-^) 



X y 
N r fN (cN\ 



e\ogN\\UooX':{f,{e:)) 



□ 



Remark 4.9. Inequalities (4.9) and (4.11) imply, in conjunction with 
(4.2), that for T > 0, there is a constant C4 i2(-^) such that if (j)s = i^-, then 
for < s < T, 

(4.12) E{\ml,\ + \ml,\) < C^_-^2inmlp(}ogN/N'/')X^ (1). 

Lemma 4.10. For T > 0, there is a constant C^ j^{T) so that, for 
allO<s<t<T, 



E 



(4.13) 



^ Xf(logiV/o^(^,^))dr 
< C2,i3{T){t - sf/^{X^{lf+X^{l)). 



Proof. Using the Markov property, and then (4.4) and (4.5), the left- 
hand side above is 
ft rt 

2E{ 



< 



X,^(log iV/o^(C^))X,^ (log iV/o^(C'^)) dr' dr^ 
2 f f E{X?{\ogNf^{i?))g{r' -r)X?{l))dr'dr 

J s Jr 

g{r)g{r' - r) dr' driX^{lf + X^il)). 



s Jr 
t rt 



< 2 



After plugging in the explicit form of g given in (4.1), a little integration 
yields (4.13). □ 

Proposition 4.11. For each G C^'^(M+ x M^), each of the families 
{X^{(I).),N en}, {d!^'\(I)),N £n}, i= 1,2,3, {{M^{(I))).,N en}, and 
{M!^ {(/)), N en} is C-tight in D([0,oo),M). 
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Proof. Fix T > 0, and (j) as above, and recall the decomposition of 
{(pt) in Proposition 3.1. Lemmas 4.8(c) and 4.10, and assumption (1.8) 
imply there is constant Ct such that, for z = 2, 3, < s < t < T, 

C-tightness of {D.''\(j)) : iV G N} (i = 2, 3) is now standard (see, e.g.. Theo- 
rem 3.8.8 and Proposition 3.10.3 of [4]). 

Tightness of {(M^ ((/>)). : iV G N} follows by similar reasoning using Lem- 
mas 4.8(a), (b) and 4.10, as well as Proposition 4.3(a). C-tightness of the 
remaining terms now follows just as in the argument for d > 3 in Proposi- 
tion 3.7 of [2]. In particular, the hypothesis that (/> E C^''^ is used to prove 
C-tightness of {D. ''(c^)} as in Proposition 3.7 of [2]. □ 

We come now to the compact containment condition. Let 
B{x,n) = {y €zM.'^ :\y — x\ < n}. 



Proposition 4.12. For all e > 0, there is an ne N, so that 
supPf sup X[^{B{0,ny) > e ) < e. 

N \t<t-^ / 

Proof. Choose a sequence h = {hn}, ^„ : — > [0, 1] , with uniformly (in 
n) bounded continuous partial derivatives of order 3 or less, such that 

l(|x| > n + 1) < hn{x) < l(|x| > n). 

Note that Ch = sup„(||/i„||Lip + ||A/i„||oo) < oo. By the semimartingale de- 
composition in Proposition 3.1, 

3 

(4.14) SUpXi'ihn)<X^{hn) + y2sup\D^'\hn)\+SUp\Mi'{hn)\. 

t<T j^]^ t<T t<T 

Our task is to show that the expected value of the right-hand side above 
tends to as A^, n ^ cxo. 

Let r]N = sup„ ||^Ar(/i„) — fj^A/i„/2||oo. As in Lemma 2.6 of [1], our as- 
sumptions on {hn} imply that limN^ooilN = 0. It is easy to see that 

(4.15) \D^'\hn)\< Xf{riN'i- + Chhn-i)ds 

Jo 

and 

(4.16) \Df''{hn)\<e Txf (/.„log7V/o^(e))ds. 

Jo 
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The term Df''^{hn) is more complicated: 

\D^'\K)\ < OlogN r ^ E hnix)ii - ef (x)) Y.PN{y - (y) ds 

Jo ^ X y 

< eiogN f \hn{x) - hn{y)\pN{y " (y) ds 

^0 ^ x,y 

+ 0"log nJ^^Y. /in(y)ef (y)/o^(y, ) ds 
/■* 1 

< 6' I /in I Lip log iv / -t7jYY\^ - y\PNiy - x)^^ {y) ds 

•^0 z J/ 

+ 0" rxf(logiV/i„(y)/o^(ef))ds 

JO 

/o 2n1/2 

<^"C,logiv(^— j Xf(l)ci. 

+ 9 f X^ihnlogNf^iC^))ds, 
Jo 

where we have used the symmetry of pAr(-) and the bound J2xeSN \x\pn{x) < 
(2c7VAr)V2. 

The inequahties above, (4.2) and Burkholder's inequahty show that, with 
rj'j^{T) = C^_2iT)im + 0ChlogN{2ayNy/^)T, 

EfsnpXl'iK)] < X^{K) + 2{E{M'' {K))Tf'^ + v'nX^ W 

\t<T / 

(4.17) +Ch r E{X^{hn-i))ds 

Jo 

+ 26 ^^(Xf (/i„logiV/o^(ef )))ds. 
Jo 

[Note hmjv^oor7^(T) = 0.] 

To estimate the last integral above, we apply Proposition 4.5 with p = 3 
and e = (log A^)~^. By the Markov property and (4.2), 

e(^£ X^iKlogNfo''{e))ds^ 

= i?(|Jxf(/.„logiV/o^(ef))d.) 

+ Ei^J^ E{X^ih^logNf^iC^)) I Xf_Jd.) 
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< e(logiV)Q.2(T)Xo^(l) + E{X^_,{l))ds 

+ C^,^j^ E{Xte{hn))ds. 

Using (4.2) again, and letting r?^(r) = C^2{T)[{\ogNr^ + C^_^ChT /logN], 
we have 

(4.18) 



<r?^(r)Xo^(l) + C74.8 r E{X^{K))ds. 

Jo 



[Note limN^^7]%{T) = 0.] 

Next, by the above inequahty. Lemma 4.8 and the bound (4.12), 

E{{M^{hn))T) 



rp 

<2r?^(r)Xo^(l) + 2Q.8 / E{X^iK))ds 

Jo 

+ C74.i2(T)||/.„,||Lp^rXo^(l). 



That is, letting 7?^(r) = 2??^(r) + C4.i2(r)rC2 logiV/^iV, 

(4.19) i?((M^(/i„))y)<r?-(rX(l) + 2C4.8 f E{X^{K))ds. 

Jo 

[Note limTv^oo v'n = 0-] 

An application of Proposition 4.4 with p = 3 implies 

r E{X^{K^i))ds < e(i°s^)~' r e^^.TX^{P^'*K-i)ds 

(4.20) ^° 

+ e^4.7^(logAr)-iC,Xo^(l). 

Finally, let -Bj^'* be the continuous time random walk with semigroup -P/^' 
defined before Proposition 4.4, Bq '* = 0, and note that 

E{\B^^*\^) = 2(t'^ s ■ {I + e log N/N) < Aa'^T 
for all < s < r for large N. With this bound, we have 



Xo^(pf'*/.„.i) < ^0^(5(0, +Xo^(i)pf \B^n > " ' 



(4.21) 



2 J J ' ' V 2 

< ^0^ ( S ( 0, 1 + Xo^(l)16a2r/(n - 1)^. 
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By assembling the inequalities (4.17)-(4.21), we have the following: for any 
T, e' > 0, there is an Nq so that, 

for N > No,n > Nq, ^fsupXf < e. 

\t<T J 

The required compact containment follows. □ 

Proof of Proposition 4.1. The C-tightness of {Pn,N g N} is now 
immediate from Propositions 4.11 and 4.12 above, and Theorem II. 4.1 in 
[8]. □ 

Proof of Proposition 4.2. It is now a simple matter to take a sub- 
sequential limit in the semimartingale decomposition of X^^ {(/)) in Propo- 
sition 3.1 to show that any limit point satisfies the martingale problem 
(3.10) characterizing the law -Pxo'^ '^ '^ °^ super-Brownian motion. Let cj) & 
C^iR"^). Proposition 4.7(b) implies ((/>)- Df'^((/>) approaches the drift 
term involving 9 in (3.10). Proposition 4.7(a), Lemma 4.8(a), (b) and Propo- 
sition 4.3(a) show that the square function of the martingale part of X[^{cj)) 
[given by (3.9)] approaches the square function of the martingale part of 
(3.10) with branching rate b = A-Ka'^ . The other terms are handled just as 
for d > 3 in [2]. We refer the reader to the proof of Proposition 3.2 there. 
The only difference in this part of the proof is that we will take 1 < p < 2 in 
Proposition 4.7, while in [2] p = 2. This leads to only trivial changes. □ 

5. Voter, biased voter and Lotka Volterra bounds. As in [2], we will 
obtain bounds on the Lotka- Volterra model by obtaining bounds on the 
more tractable biased voter model. In turn, these bounds depend on good 
voter model bounds. In this section we will work with voter and biased voter 
models, which we now define. 

For b,v>0, the 1-biased voter model ^ is the Feller process taking values 
in {0, 1}^ , with rate function 



(5.1) cix,0 



(v + b)Mx,0, ife(^)=o, 

vfo{x,0: iH{x) = l, 



where fi{x,(,) is as in (1.1). Similarly, the 0-biased voter model is the Feller 



process ^ taking values in {0, l}^'' , with rate function 



(5.2) c{x,0 = [ 



{v+b)Mx,o, if ax) = I. 



The voter model is the 1-biased voter model with bias b = 0, that is, its 
rate function is c{x,r]) = vfi{x,^) if ^(x) = 1 — i. 
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It is simple to check that 

^{x) = imphes c(x, ^) < c(x, ^) < c{x, ^) 

and 

^(x) = 1 imphes c{x,(,) < c{x,(,) < c{x,(,). 
Therefore, as in Theorem III. 1.5 of [6], assuming ~ = Coj 

we may define ^ , and on a common probabihty space 

(5.3) 

so that C( < 6 < 6 for ah t > 0. 

For ^, C G {0, l}^^ , ^ < C means ^(x) < ({x) for all x G Z^. 

In Section 5.1 we will obtain the required voter model bounds. In Sec- 
tion 5.2 we will use these bounds to obtain good biased voter model bounds. 



Note. We will assume throughout the rest of this section that (5.3) is 
in force. 



5.1. Voter model estimates. We recall the voter model duality; see, for in- 
stance, [5] or [6]. Recall also the system of coalescing random walks {13^ : x G 
7?} from Section 1. The basic duality equation for the rate one {v = 1) voter 
model is as follows: for finite j4 C Z^, 

(5.4) P{it{x) = 1 Vx G A) = PiioiBf) = 1 Vx G A). 

Recall P = J2ePi^)P^ ^ and H(t) from Section 2, and define the mean 
range of the random walk by 

R{t) = E 1{B° = X for some s<t}^. 

A last time at decomposition (see, e.g., Lemma A. 2 of [1]) yields R{t) = 
1 + jQH{s)ds, and [via (2.4)] the well-known asymptotic behavior 

(5.5) lini-^ = 2w^ 

^ ^ t^oot/logt 

Let Pt,t>0, be the semigroup of a rate 1 random walk with step distri- 
bution p{-). We slightly abuse our earlier notation and for 0:Z^ — > M and 
eG{0,lf',let 



X 



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 



23 



Lemma 5.1. Let denote the rate-v voter model. Then for all bounded 
4>:Z^^R+ andt> 0, 

(5.6) E{it{4>))=UPvt<P), 

(5.7) E{\it\^)<\io\^ + 2vt\io\, 

(5.8) EiU^foiit))) < {2a\tH{2vt))^/^\(l)\uM + H{2vt)U<t^), 

(5.9) i?(|6|6(/o(6))) <i^(2^;^)|eo|' + i^(2^;^)|eo|• 
REMARK 5.2. For </> = !, the right-hand side of (5.8) is just H{2vt)\i^Q\. 

Proof of Lemma 5.1. By scahng, it suffices to consider the case v = 1. 
Also, the first two formulas are well known [the latter follows from (5.14) be- 
low], so we prove only the last two. By the duality equation (5.4), symmetry 
and translation invariance, 

x,e 

< U^)4>{x)p{e)P{Bf = z, f{x, x + e)>t) 

x,e,z 

= E io{z)cP{x)p{e)P{B? = x-z, r(0, e) > t) 

x,e,z 

= Y.U^)Pie)E{cl>{z + i??)l{r(0, e) > t}). 

e,z 

For any z, 

Y,p{e)E{(t>{z + B^MT{^,e)>t}) 

e 

< Ep(e)i?((l<^|Lip|i??| + <A(^))l{r(0, e) > t}) 

e 

<\<t>\i^^[E{\B',\'')Y,p{e)P{T{^,e)>t) 
+ ct^{z)Y,P{e)P{r{Q.e)>t). 

e 

Since E{\B^\'^) = 2a'^t, this proves (5.8). 

We expand the left-hand side of (5.9) and use duality to obtain 

Eimt{fom)=ri+T2, 

where 
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(5.10) Fi = ^ p{e)P{By G |o,4" e io,B^^' i lo,T(x,y) > t), 

(5.11) r2 = ^ v[e)P{Bt G lo, ^lo,f(x,y) < t). 

x,y,e 

Consider Ti first, which we expand in the form 
^ l{y X + e)p{e) 

x,y,w,z,e 

By replacing the condition Bf'^'^ ^ with f{x,x + e) > t, switching to the 
independent random walk system [dropping the condition that T{x,y) > t], 
it follows that Ti is bounded above by 

l(y / 2; + e)p{e)P{By = w, Bf = z, f{x, y) > t, f{x, x + e) > t) 

x,y,w,z,e 

X io{w)io{z) 

< Ky^x + e,y^x)p{e)P{B^ = w,Bf = z,T{x,x + e)>t) 

x,y,w,z,e 

X ioiw)io{z). 
Now changing variables, we have 

Ti < J2 Hy^O,y^e)p{e)P{B^^'' = w + x,Bf = z + x,T{x,x + e)>t) 

x,y,w,z,e 

X io{w + x)io{z + x) 
= Y ny^O,y^e)p{e)P{Bf = w,B^ = z,T{0,e)>t) 

x,y,w,z,e 

X io{w + x)io{z + x) 
= Y l{y^O,yy^e)p{e)P{B^=w)P{B^ = z,T{0,e)>t) 

x,y,w,z,e 

X ^o{w + x)^o{z + x). 

Since P{B^ = w) = P{B^ = w — y), summing in order over y, w, x, z shows 
that the last sum above is at most |^oP-F'*(''" > 2t). Thus, to prove (5.9), it 
suffices to show r2 < i?(2t)|^o|- 

In the definition of r2 we drop the restriction Bf'^'^ ^ .^0 then sum 
over e to obtain 

T2<YPi^t=^,Hx,y)<t)io{z) 

x,y,z 
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= ^ = z + x, r(x, y + x)< t)io{z + x) 

x,y,z 

= Y.P{B? = z,T{0,y)<t)io{z + x), 

x,y,z 

where we have again changed variables. If we sum in order over x,z,y, we 
obtain r2 < \^o\R{2t), and we are done. □ 

5.2. Biased voter model bounds. We first recall the following from Lemma 4.1 
of [2]. If is the 1-biased voter model with rate function (5.1), then 

(5.12) Eim<e''\^ol 

(5.13) < e^'' (iCoP + - . 

Since 1 — e~^* < bt, the last inequality implies 

(5.14) Em'') < e'^'m' + {2v + b)tM)- 

These bounds must be improved. In (6.2) below we will compare the 
Lotka-Volterra model defined in the Introduction with the biased voter 
models on S^r. In order to construct the coupling < < , we 

must assume that the voting and bias rates vn and bjsf are 

(5.15) v = VN = N -eiogN and 6 = 67V = 2(9 log A^. 

With this coupling, the bounds on X/^(l) in Section 4 are then consequences 
of analogous bounds on X^^ (1) = (l/N) J2x^t^ (.^)^x- However, for the above 
rate_s, the bound (5.12) implies only that E{Xl^{l)) < e''^^X^{l), not that 
E{Xi^{l)) [and hence, E{Xl^{l))] is bounded in N, a fact we will need. Nev- 
ertheless, the estimates (5.12) and (5.13) are useful over short time periods, 
and will play an important role in deriving better bounds. 

To state our improved versions of (5.12) and (5.13), we define several 
constants and functions depending on b and v. For p>2, define 

Kp = Kp{b,v) = 3{bH{2v/V) + e'^) and k = K3, 

A = A{b,v) = bR{2v/b^) + 36^(1 + 2v/b), 

(5.16) 

Bp = Bp{b,v) = {2a'^vb^-PH{2v/}f)f 

+ bH{2v/bP){2a\l + v/lf))^^^ 

and 

hi{b,v){t) = eH-^/^ + K2e^+^''\ 

(5.17) 

/i2(6, v)it) = e2t-V3(i + 2v/b) + 5KAe^+^^'. 



26 J. T. COX AND E. A. PERKINS 

Also, let P(j){x) = J2yPiy ~ ^)4'{y) and define the operators 

(5.18) A(t) = v{Pcp-(t)) and A* = {l + h/v)A. 

Let A (resp., A*) have associated semigroup P^, t > (resp., P^*, t > 0). 

Remark 5.3. The constants Kp, A, Bp and the functions /ii, /12 are used 
in many bounds below. These bounds are not sharp, but they are ade- 
quate for our purposes. Note that for the parameters v = VN,b = in 
(5.15), we have [by (2.4) and (5.5)] Kp = 0{l), A = 0{N/logN) and Bp = 
0(iVi/2 (log AT) {i-p)/2) as TV ^00. 

Proposition 5.4. Assume b>l and p>2. For all t>0, 

(5.19) E{m<e''~'^^''%\, 

(5.20) £^(161') < e2+2«*|e"o|2 +4ylei+3-*|eo|, 

(5.21) bEi^t{mt)))<h^mol 

(5.22) bEil^tUfoim <hmo\^ + h2it)\U 
For all bounded (j):!? ^ [0, 00) and p>3, 

(5.23) 

X Mpn<p)) + Kb^~nmoo+Bp\4>\upm)- 

To derive these bounds, we first state a special case of Proposition 2.3 of 
[2] . The biased voter models and are special cases of the general voter 
model perturbations introduced in [2]; for ^, take N = v, /3({e}) =bp{e), 
P{A) = for card(^) / 1 and (5 = 0, while for ^ take N = v, 5{{e}) = -bp{e), 
5(0) = b, d{A) = for card(A) 7^ or 1, and /3 = 0. This notation is only 
important if you want to verify that Lemma 5.5 is indeed a special case of 
Proposition 2.3 of [2]. 

Lemma 5.5. Let T > and (l):[0,T] x ^ R, where (p,(j) are both 
bounded and continuous. Then for <t <T, 

(a) 

^(t't) = ^oiM + f is{A{4>s) + 'Ps)ds 



(5.24) 

+ b f 5](/)(s,x)[l-6(x)]/i(x,6)ds + Mt((/>), 
Jo ^ 
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where Mt{(j)) is a square-integrable (J^^) -martingale with predictable square 
function 

(5.25) {M{cj)))t = {Mmi,t + {M{^))2,u 

with 

{Mmi,t = f\Y.MxflUx)Mx,L) + (1 - Ux))fi{x,is)] ds 

■Jo X 

and 
(b) 

iMi)=UM + fi^{A{<i)s)+4>s)ds 

(5.26) 

-^1 isi<l>sMU)ds + Mt{^), 

where M_t{4^) is a square-integrable (J^f) -martingale with predictable square 
function 

(5.27) {M{<P))t = (M(</>))i,t + {m<P))2,t, 



with 



m^))i,t = J^vT.Mx)%ix)fo''i^4s) + (1 -i(^))/i(^'i)] ds 



and 



m<t>))2,t= I bC^i(b'joiQ)ds 







If we set 4> = 1 in Lemma 5.5 and do a bit of stochastic calculus, we see 
that 

(5.28) f'ufo{L))ds 

Jo 

and 

(5.29) |ej|2-|eo|2-(27; + 6) T 6(/o(6)) - 26 T |6l6(/o(6)) 

Jo Jo 

are (^)-martingales. 

In the proof of Proposition 5.4 we will need a few properties of the function 
^ifoiS,)) which will be important to "transfer" the voter model bounds of 
Lemma 5.1 to the biased voter model. 
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Lemma 5.6. Assume ^,r] € {0,1}^'' satisfy ^ < r} . 

(a) // |r/| < CO, then 

(5.30) |^(/o(,^))_^(/o(^))|<|^|_|^| 
and 

(5.31) \\riW,^r,))-mh{m<\ri?-\i?- 

(b) If (j)-.!? ^ M"*" is bounded, then 

(5.32) \v{^)fo{x, V) - ({x)fo{x, 0\4>{x) <{v-0{^ + P4>), 

X 

(5.33) Hx)Ux,r,f - i{x)fo{x,if\ct^{x) < (r? - 0(0 + 2P(/>) 

X 

and 

5^1(1 - r?(x))/i(x,r?)2 - (1 - i{x))f^{x,if\<t>{x) 

(5.34) 

<(7?-O(0 + 2P(/.). 
Proof, (a) The first step is 

^(/o(r/))-e(/o(e)) 

= E(^(^) - e(^))/o(a:, r/) + E e(x)(/o(x, ry) - /o(x, 0)- 

X X 

Since /o(a;,??) - foix^C) = fi{x,C) - fi{x,r]), and p(-) is symmetric, 

E^(^)(/o(^'^)-/o(^>e)) = E^(^)(/i(^'0-/i(^,^)) 



= E ?(^)^'(y - x){^{y) - rj{y)) 

x,y 

y 

Thus, 

(5.35) 7?(/o(r/)) - e(/o(6) = E(^(^) - e(x))(/o(rE,r7) - /i(x,e)). 

Since |/o(2^, ??) — /i(2;, 01 ^ (5.30) is an immediate consequence of (5.35). 
It fohows from (5.30) that |C| -C(/o(0) < \v\ -viMv))- Multiplying the left- 
hand side of this equality by |^| and the right-hand side by |77|, we obtain 
[note that 1^1 - 0/o(0) > 0] 

\^\'-\mfom<\ri\'-Mv{Uri)), 
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or \v\viMr])) - miUO) < \r]\^ " ICP- Since (5.30) also implies that 1^1 + 
C(/o(0) ^ 1^1 +^(/o(^))! multiplying the left-hand side by |.^| and the right- 
hand side by Ir/I yields the inequality |r/|r?(/o(7?)) - |C|^(/o(0) > 

(b) These are similar so we only prove (5.34). The left-hand side is 
bounded above by 

^[(1 - r?(x))(/i(x,r?)2 - f,{x,0^)m + fi{x,OHvi^) " e(x))0(x)] 



< 



Y^il - r/(x))2(/i(x,r?) - h{x,0)H^) + (r/(x) - e(x))</'(x) 



X J/ 



which equals the right-hand side of (5.34). □ 

Proof of (5.19) and (5.23). Let (f> be as in Lemma 5.5 and rewrite 
the second integral in (5.24) in the form 

Jo 



+ b [ V0(s,y)^s(y)/o(y,^s)'^s 

Jo y 



- I UMs)ds+ f Ub(psfo{Q)ds. 
V Jo Jo 



We have used the fact J2x,yi'Pi-^^^) ~ 't>{siy))p{x — y)£,s{x)is[y) = by sym- 
metry. Therefore, (5.24) becomes 



U<Pt) = io{M+ i U^*(t)s + (t^s)ds 



(5.36) 







+ / U^sbms))ds + Mt{(p). 







Fix c > 0, f > and (/>:Z2 ^ M+, and set = e"""' P^_,(t). Then (5.36) 
implies 

(5.37) ^ 

- / i?(6(cP;_,0))e"-ds. 
Jo 



This implies 



(5.38) UPt<t^) < E{itm < e%(P;- 
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where we have set c = for the first inequahty and c = b for the second. 

We now work at upgrading the second inequality in (5.38) to (5.19) by 
estimating the first integral in (5.37) via a comparison with the voter model. 
Put s = and assume </> > 0. It follows from the coupling (5.3) and the 
inequalities (5.32), (5.6) and (5.12) that 

EmHfom-iemoiLm 

(5.39) 

< 2bm^Em - < 2h{e'' - l)||<Al|oo|eo|. 
In view of this bound, 6 > 1, and the voter model estimate (5.8), we have 
E{UHh{ie)))<'ieb'eUUM 

(5.40) 

+ h{2a\eH{2ve) + hH{2ve% {4>) . 

We have used the elementary inequality e" — 1 < en for < n < 1 above 
(and will make use of it again without comment). The Markov property 
now implies, for s > e, that 

EiUbMis)) I J's^e) 

(5.41) < {2eh\M\^+h{2a^veH{2ve)f/Mi^^)%-e\ 

+ bH{2ve)^s-e{(p). 

We can now derive (5.19). Taking expectations in (5.41) for the function 
= 1, we obtain, for s> e, 

(5.42) i?(6(&/o(6))) < ^^pE{\is-e\). 
Using this inequality in (5.36), we get, for t> e, 

^(|6l)<i?(lC"e|) + '«p£i?(|6-e|)ds<e'^|eo|+^P^*i5^(|6|)c?s, 

where (5.38) is used in the second inequality. This bound also holds for t <e, 
and hence, (5.19) follows by Gronwall's inequality. 

To prove (5.23), we will take expectations in (5.41), with replaced by 
Pt-s4>i aiid substitute this in (5.37). However, we must first alter the last 
term of (5.41). For bounded (5.38) implies that 

\E{U'^)) - un < ie'' - i)eo(n» + i^"o(n» - com- 

Since |P;V(x) -^(x)| < |^|Lipi?(|i?„V+V-)l) ^ l^lLip(2a2e(^ + 6))V2, 

|i5^(6(V')) -Co(V')l < (etellV'lloo + (2a2e(z; + 6))V2|^|Lip)|^-o|. 
Consequently, by the Markov property, for s > e, 

^(6-.(V')) < EiCsW) + (e6e||^||oo + i2ah{v + b)f^\i;\up)E{\^,.,\). 
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Using this inequality in (5.41), with ip = Pt_s(j) replacing </>, we have for s > e 

(5.43) 

< {Kpb'eUU+Bp\<p\i^^)E{\i,^e\)+^^pE{UPLs<t^))- 

Plugging this into (5.37) with c = 1 + Kp, and using (5.38) for s < e, and 
(5.19), we obtain 

Jo 

+ JjKpb^em^ + Bp\^\up)E{\^s-e\)e-'' ds 

+ K^l' E{UPls<t>))e-''' ds - cj' E{UPls4>))e-'' ds 

<up:m+e''-i) 

+ {^pb'em^ + 5pl0|Lip) f e'>'+^^'-^^+^^>M ds, 

Jo 

that is, 

EiU<P)) < e''+^^+'^''^\^o{Pt*m + i^pb'em^ + Sp|0|Lip)|C"o|). 
This proves (5.23). □ 

Proof of (5.20). By (5.29), 

Em^) = l^"oP + {2v + b) f E^UUm ds 

Jo 



(5.44) 



+ 2h / E{\is\Ums)))ds. 
Jo 

The first integral in (5.44) is easy to handle. By (5.28) and (5.19), 

i2v + b) f'EiUms)))ds = i2v + b f^^^'^[~ 1^"°' 
(5.45) ' 



We continue to write e = b but now set p = 3. Since the integrand of the 
second integral in (5.44) is bounded by E{\^s\'^), (5.14) implies 

26 r Ei\i,\isifo{Cs)))ds<2b re26s(|^-^|2^(2^; + 6)s|eo|)a!s 
JO Jo 

(5.46) <(e2b._i)(|^-^|2^(2^; + 6)e|eo|) 

<{e^-l)\^,\^ + A\^,\. 
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For the integral over [e,t], we use (5.31) and the voter model estimate 
(5.9), 



(5.49) 



Emuhm) < Emuum + - i^ep) 

< H{2ve)\^o\' + R{2veMo\ + Em\^) - l^ol' 
since £^(|,^e|^) > |^oP (iCt P is a submartingale). The bound (5.14) now implies 
(5.47) bEmUfoiCe))) < ^\Co\' + ^leol- 

Consequently, by the Markov property and (5.19), 

26 f' E{\iMs{fo{L)))ds<2K f E{%_,\^)ds + 2A f E{\is-e\)ds 

(5.48) 

<2kJ^ Em-e\')ds + 2Ae^+'''\Co\. 

Combining this with (5.46) gives 

2b f ' Ei\Cs\Ufoi^s)))ds 
Jo 

< (e^ - l)|eoP + iA + 2Ae'+^')\^o\ + 2k f E{\U') ds. 

Jo 

In view of (5.44), (5.45) and (5.49), 

(5.50) E{\^t\')<e^\^o\'' + ^Ae'+^'M + 2K f E{%?)ds 

Jo 

for all t > 0. It follows from Gronwall's inequality that 

Em') < {e^l^-Qp + 4Ae^+'^*|^"o|}e2'^*. □ 

Proof of (5.21). First suppose t<e = b~^. Then b < t~^^^ and bt<l, 
and using (5.12), 

(5.51) bEiCtifoim < bEm) < et^'/'lCol 
For t > e, it follows from (5.42) and (5.19) that 

(5.52) bEi^tifoim < f^Emel) < f^e'+'^'lU 
The inequalities (5.51) and (5.52) imply (5.21). □ 

Proof of (5.22). For t < e = b~^ , we may apply the second moment 
estimate (5.14) to obtain 

(5.53) EmUmt))) < Em\') < e^'^mi' + e{2v + b)U). 
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Arguing as before leads to 

(5.54) bEimtifom) < eW3(|^-o|2 + (i + 2v/b)m. 

For t > e, we apply the Markov property, (5.47) and the submartingale 
property of |.^tp and to obtain 

After using the bounds (5.19) and (5.20) for E{\^t\) and E{\^t\'^), respec- 
tively, and rearranging, we arrive at inequality (5.22). □ 

We need only a few bounds for the 0-biased voter model Using (5.26) 
directly with cps = e^'*A-s</' [recall (5.18)] for bounded (/> : ^ R+ and c > 0, 
we get the analogue of (5.37), 

E{i^me'' = i^{Ptcl)) - fE{C^{bPt.s<Pfo{iJ))e'''ds 

(5.55) ^ '° 

+ ^ E{i^{cPt-s^))e'''ds. 

Setting (j) = l gives 

(5.56) i?(|^J)e^* = |^J-6^*ii;(e,(/o(i,)))e^^d. + c|Ji?(|ej)e-d.. 



By setting c = b above, we get the simple bound 



(5.57) E{\a)>e-'%\, 



(5.58) E{\^f)>e-''%f. 



which implies 
(5.58) 

Since < |^(|, the above and (5.14) therefore imply 

(5.59) \E{\if) - lej^l < {e'"' - mf + e'''\2v + b)t\i^\. 
The next step is to improve the bound (5.57). 

Lemma 5.7. Assume b>l. Then for all t>0, 

(5.60) E{\^^\) > exp(-6-2 - Ke^"'t)|^J. 

Proof. With e = b~^, by the coupling ^ < in (5.3) and the bounds 
(5.30), (5.6), Remark 5.2 and (5.57), we get 

(5.61) bEiUhiU)) < {bH{2ve)+bh)\U < k\U- 
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For t > e, (5.56) implies 

i^(|ej)e^* = e^E{\Q) + I^Eice^XJ - be'^^i^iUQ)) ds. 
By (5.57), (5.61) and the Markov property, 

Ei\i^\)e^' > e(-'')^|^J +^*E(ce-^^|e,_J - K\^^J)e^'ds, 
and hence. 

Put c = Ke^^ to obtain (5.60). □ 

We conclude this section with two final inequalities which are useful for 
small t>0. The first one follows easily from (5.12) and (5.57), the second 
from (5.14) and (5.58). For = = Co, 

(5.62) < Eim - E{\Q) < 2{e'' - l)|Co|, 

(5.63) < Em-") - E{gf) < 2(62"* - l)|eoP + e^'\2v + b^- 

6. Proofs of Propositions 4.3-4.5. Return now to the rescaled regime of 
the Section 1 and let G {0, 1}^^ be the rescaled Lotka-Volterra model 
with rate function cj\f{x,£^) given by (1.6), where (1.9) continues to hold. 
Let e {0, 1}^^ be the 1-biased voter model and G {0, 1}^^ the 0-biased 
voter model with rates v = vn = N — 9logN and b = hN = 26 log N given in 
(5.15), and set (x) = ^t{xVN) and {x) = C^ixVt) for x G Sjv- Thus, 
G {0, l}^'^ has rate function 

^^^^'^^-\Wo^(x,e), ife(x) = l, 

and Cf G {0, l}^'^ has rate function 



{vN + bN)fi'ix,0, in{x) = l. 

We assume that is large enough {N > Nq) so that vjy > and bN > 1. 

It is easy to check that Cj^{x,(,) < ciy{x,^) < cj\[{x,(,) if S,{x) = and 
£:n{x,(,) > C7v(a;,0 ^ CAr(x,C) if ^(x) = 1. Thus, as in (5.3), assuming = 
^0 — ^0 ^ construct the three processes on one probability space so 

that 

(6.1) ef<ef<eT foralH>0. 
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Letting = irE.es J^i^)S. and = ^ ^^^^^ it follows 

that X^ = X^ = and 

(6.2) Xf < < X^ for all t > 0. 

We begin with bounds for the 1-biased voter model. Proposition 5.4 and 
Remark 5.3 imply that there are constants Cg 3 and C4 i such that if g is 
as in (4.1), then for all TV > iVo, * > 0, 

(6.3) i?(Xi^(l))<C6.3e^6.3%^(l), 

(6.4) EiXl'ilf) < C6.3e^6.3*(Xo^(l)2 + Xo^(l)) 
and 

(6.5) (logiV)i^(Xf (/o^(.,eT))) <5(t)^o^(l), 

(6.6) (logiV)i?(Xi^(l)Xf(/o^(.,eT)))<5(t)(^o^(l)' + ^o''(l))- 

We also need the following comparison result, which follows from the cou- 
pling (6.1), inequality (5.19) and Lemma 5.7, our choice of vn and b^, and 
Remark 5.3. There is a constant Cg 7 such that 

EiX['il))-EiXfil)) 

(6.7) 

<Cg.7[(logiV)-2 + t]Xo^(l), 0<t<l. 

Since the coupling (6.2) does not allow us to compare X/^(/o(^/^)) and 
^/^(/o('^i^))) we need the following. Recall that /ii,/i2 are defined in (5.17). 



Proposition 6.1. Fort>0, 

(6.8) bE{^^{MCn))<himo\ 
and 

(6.9) 6i?(icf lef (/o(ef ))) < 2{hm^\' + h2m^\)- 

Proof. For t<e = h-\ hE{i^ {Uit))) < 6^(|ef I) < 6^(1^7 1)> so just 
as in (5.51) we obtain 

(6.10) bE{^fiUm<et-'/'\C^\. 

To handle t> e, we compare with the biased voter model using (5.30): 

bEic^im^))) < bEi^^im^))) + bE{\i^\ - lef I) 

< b{H{2ve) + 2ebe + 2(e^^ - 1))|C^| 
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by (5.40), (5.62) and the coupling (6.1), and the definition of n. Our standard 
argument with the Markov property now gives, for t>£, 

the last by (5.19). This inequality and (6.10) imply (6.8). 
Now consider (6.9). For t < e, (5.14) implies 

6E(|^f l^f (/o(ef ))) < fei^d^f n < bE{\^^\') 
(6.11) <6e2''-(|eo^|2 + (2t; + 6)e|eo^|) 

<eW^(|eo^|V(l + 2./6)|eo^|), 

where the last inequality follows as in (5.51). By comparing with the biased 
voter model using (5.31), 

6£;(ief i4^(/o(ef ))) < 6ii;(ieie(/o(ef ))) + bmc^i') - m^f))- 

Consequently, by the above bound, (5.47) and (5.63), 

6£;(ief lef (/o(ef ))) < 2(Kieo^|2 + A\c^\). 

It follows from the Markov property that, for all t> e, 

bE{\Cf\^f{fo{^n))<n^E{\Ce\')+m\Cf'^e\)) 

<2iKEi\Cf\') + AE{\^^\)). 

We have used (5.28) and (5.29) in the last inequality. Using (5.19) and (5.20) 
in the above, and also recalling (6.11), we get (6.9), as required. □ 

Proof of Proposition 4.3. Part (a) follows from the coupling (6.2), 
the fact that X/^(l)^ is a submartingale [see (5.29)], the strong inequality 
for non-negative submartingales, and the bounds (6.3) and (6.4). Part (b) 
follows directly from the previous Proposition and Remark 5.3. □ 

Proposition 4.4 is a direct consequence of the coupling (6.2) and the fol- 
lowing biased voter model bound. Recall the notation introduced in (4.6). 

Proposition 6.2. For p >3, there is a constant Cq j2(p) ■^^'c/i that, 
for any t>0 and ^p:R'^ ^R-^, 

E{X^m < e('°s^)'~''e^^?.i^*X(f (Pf '» 

(6.12) 

+ C7g.^ge^6.ig*||V;||Lip(logiV)(i"P)/2Xo^(l). 
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Proof. Fix N, and recall that in this section G {0, 1}^ is the biased 
voter model with rates v = N — OlogN and b = 26logN, and that {x) = 
^t{xVN), X £ Sn. Define (j):Z^^R+ by (p{x) = ij{x/VN). Then = 
UWoo, l-Z-lLip = A^-'/'IV'lLip, Pt*cP{x) = Pf'*iP{x/VN) [P* is defined after 
(5.18)] and (V') = 6 (</>)• Applying (5.23), 

E{^^m<e'''-'^('^^^^\^^{P,^^*i:) 

+ [Kpb^~nmoo + BpN-'/''\i;\uMo\)- 

Since p > 3, it follows from Remark 5.3 that Upb"^^^ + BpN~^^^ = 
0((logiV)(i-P)/2) as oo, and thus, (6.12) holds because 9>l implies 
6>logiV. □ 

Proof of Proposition 4.5. Let e = b~P. By (5.32), 
E{X^{b<Pfo{^^))) 

(6.13) 

< i?(Xf (60/o(eT))) + 2bU\UE{X^{l) - (1))). 
Now applying (5.40) and (5.62), we find that 

EiX^ibc^m^))) < (6e62-P||</>||^ + i3piV-i/2|<^|Lip)Xo^(l) + ^pXo^(</>). 
Using our standard asymptotics for Bp and Hp, we obtain (4.8). □ 

7. Proof of Proposition 4.7 Part I. For (/):M2 ^ M, C G {0, 1}^^ and 
X{cP) = {l/N')j:,cl>{x)Cix), define 

A^'+i<P,C)=X{\ogN<p'f^i;C)), 

A^'+(<^, C) = ^ E(l - Cioomx) log iV/f (x, C)^ 

X 

A^'+(<A,C)=^(logWo'^(-,C)') 

and 

Af (0, C) = Af '+(0, C) - -fjX{cP), J = 1, 2, 3, 

where 71 = 27r(T^ and 72 = 73 = 7*- An easy calculation using (4.3) and (1.9) 
shows that to prove Proposition 4.7 it suffices to prove the following: for 
< p < 2, there exists r/7v = VNip) j as ^ 00 such that, for all K, T > 0, 
there exists C{p, K, T) such that, for all t < T, </> : — > [0, 00) and such 
that 

(7.1) ||,/.||LipVXo^(l)<Jf, 
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we have 
(7.2) E 



<mCip,K,T), 



j = 1,2,3. 



We will do this by following the general strategy we have already used, 
comparing the Lotka-Volterra with the voter model over short time periods 
and estimating the difference via comparisons with the biased voter model. 
We must be more careful than before because we need more precise estimates 
than, say, the ones in Proposition 4.3. 
Define the sequences 



e^ = (loglogiV)-i, 



tN 



(7.3) 



i^^ = (logiV) 



1/2 



logA^' 
5n = K^tN- 



We assume that N is large enough so that ejq M tiq M 5]\! < 1 and 5^ < 
(log A^)~^/^ Note that 5n/£n ^ as iV ^ cx3. We assume the Lotka-Volterra 
model on Sjv, , and the 1-biased voter model on Sn are as in the pre- 
vious section. 

This section is devoted to proving the following two results. 

Proposition 7.1. There is a constant C'y_^{K) and sequence rjj.^i^) i 
so that, for all (p satisfying (7.1) and j = 1,2,3, 

|E(Af(0,e,^))|<C7.^(K) 



(7.4) 



X [ijj^^{N){X^{l)+X^{lf) 

+ e]^'JJ l{\w-z\<Vhi)dX^{w)dX^iz)y 



Proposition 7.2. There is a constant C/j^s such that, for allO <t <T, 



E 



(7.5) 



l{\x-y\<^)dXi'{x)dX^{y) 
<C,,5e''^-5\x^{l)+X^{lf) 



-^(l + t2/3)+5^i-l/3log(l + _L 

On + t \ On 



We divide our work into four parts. In the first we collect together various 
random walk estimates that we will need. In the second we will establish 
Proposition 7.5, the voter model version of Proposition 7.1. In the third part 
we prove Proposition 7.1 by comparison with the voter model, and in the 



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 



39 



fourth we prove a biased voter model analogue of Proposition 7.2, which 
implies Proposition 7.2. The key inequality (7.2) is then proved in Section 8, 
completing the proof of Proposition 4.7. 

7.1. Random walk estimates. Recall from Section 1 that is a rate 1 
continuous time random walk with step distribution p{-), starting at 0. 

Lemma 7.3. (a) There is a constant Cyg, depending onp{-), such that 

(7.6) supP(Bi° = x)<C7g(t + l)"^ foraUt>0 

and 

(7.7) supP(5i° = 2;)<C7^(|x|2 + l)-i for all x el?. 

t>o 

(b) If zt e'^^ and t^ > satisfy 

Z'lp t^ 

(7.8) lim —= = z and lim — = s > 0, 

^ ^ T^oo ^ T^oo T 

then 

-|^|2/2<t2s 

(7.9) ^,i_„^rF(B», = .rt = ^^. 

(c) For each K > 0, there is a constant C/j ^q{K) > so that 

(7.10) liminf inf TP{B^ = x) > Cr, ^n{K). 

T^oo \x\<kVt 

Remark 7.4. If p{-) is a kernel on Z'^ (any d) satisfying the conditions of 
Section 1 and also J2x \x\'^p{x) < oo, then part (a) and it's proof go through, 
where |xp may now be replaced with Ixl*^ in (7.7). 

Proof of Lemma 7.3. The first inequality is standard for discrete time 
walks; see (A. 7) in [1] for the simple adaptation to continuous time. For the 
second, let Yn be the discrete time random walk with step distribution p{-) 
introduced in Section 2. Then P7.10 in [10] implies there is a constant Cj g 
such that 



supP^{Yn = x)<Cj q{\x\^ + 1)-^ for all x G 

n>0 
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Since P{B^ = x) = J2n=o e-*t"P(yn = x)/n\, (7.7) follows immediately. 

For e > 0, let Y^,n = 0, 1, 2, . . ., be the discrete time random walk with 
step distribution p^{x) = P{Bi, = x). Applying the discrete time local central 
limit theorem (P7.10 in [10]) to this random walk, we can conclude that if 
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(7.8) holds, assuming that tj- G eZ^ for all T, then (7.9) must hold (note 
the step variance of is a'^e). The fact that p[-) is symmetric implies that 
P{Bf = 0) is decreasing in t, and therefore, the Markov property implies 
that 



for u G [ne, {n + l)e]. 

This inequality and an argument by contradiction shows that (7.8) implies 
(7.9) without the restriction tj- G eZ"*". 

For the walk Y^, let CniK) = inf|^|<^^nPO(y„ = x). Then P7.10 of [10] 
implies that liminf„_>oo Cn{K) > for every K > 0. Let S{t),t > 0, be a rate 
one Poisson process. For all |x| < K\/t, 

tP{Bf = x)> Yl tP{S{t)=n) inf P{Yn = y) 

\t-n\<t/2 \y\<KV2^ 

>P{\S{t)-t\<t/2){2/3) inf c„,(K\/2). 

n>t/2 

This is enough to prove (7.10). □ 

7.2. Voter model estimates. Let en ,Ki^ ,5n be as in (7.3). For N 
fixed, let be the rate vn = N — 6\ogN voter model on 7? with rates as 
in (5.1) for & = and v = vj\f. Define 4^(x) = ^t{xVN),x G Sat, the rate vn 
voter model on Sat. We introduce some rather trivial notation which will be 
used frequently: 

(7.11) m(l)=2 and m(2) = m(3) = 1. 

Our goal here is to prove the following analogue of Proposition 7.1 for . 

Proposition 7.5. There is a constant C'j -[2 and a sequence rj/j ^g(-/V) i 
so that, for j = 1,2,3, i/ (/> : ^ M, then 

\E{Af{^,iO)\ 

(7.12) < r?7.^g(iV)(Xo^(l) +Xo^(l)2)||^||-(^-) 



H J J l{\w - z\< \/dN) uXq [w) dXQ [z). 

To prepare for the proof of this result, we introduce rescaled versions 
of the independent and coalescing random walks systems {Bf} and {Bf} 
introduced in Section 1 as follows: for x,y G Sat, 

(7.13) = i?:^/^/iv, = /^/iv, 
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and 

T^{x,y) = T{^x,\fNy)/vN: {x,y) = f{VNx,VNy)/vN. 

We will need the following estimate. 

Lemma 7.6. There is a constant Cy such that 

^^T.PNie)Pii^iB^^)=i^iB^f^^) = l,r^ix,x + e) > t^) 

x,e 

(7.14) 

<C7.14^n'J I H\w-z\<V6^)dX^{w)dX^{z) 

Remark 7.7. In Section 5.1, working with the (unsealed) voter model, 
we estimated quantities like the left-hand side above by, in effect, dropping 
the condition (-B^'^"*"^) = 1. The bound this produces is too crude for our 
current needs. 

Proof. By translation invariance and symmetry, the left-hand side of 
(7.14) is 

e 

^ NP{B^f = w-x, B^/ = z-x, r^(0, e) > tj,) 

(7.15) 

= {Nr'Y.ioi^)ioi^)Y.PNmp{B^,': = z - w,t^^' > 2t^) 

w,z e 
= + -^c ) 

where Tq'*^ = inf{s : -B^'^ = 0}, and S^, respectively, S^, denotes the contri- 
bution to (7.15) from z satisfying | if— z| < y/KNtN, respectively, — z| > 
y/K^. Define by 

P^((i?.^,ro^) G •) = Y.PN{e)P{{B^^^.T^n € •), 

e 

and note that 
E^{\B^?)=Y.PN{e)E{\e + B^^r) 

eeSjv 

= E m(e)(|e|2 + i^(2(e,i?f'°) + |Sf'T)) = 2a^(iV^V.). 

eSSjv 
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For S^, use (7.6) and the Markov property at time tN to see that 

< iV^(l(ro^ > t^){u;)P{Bff = z-w- <(u;))) 

<NP{t^ >tN)Cj_Q{vNtN)-^ 
N 

< C7 g H{vNtN)/tN- 

VN 

In view of (2.4), there is a constant iq such that 

(7.16) <Cj,iQe-N j I l{\w-z\<^/Kj;t^)dX^{w)dX^{z). 

To bound S^, let rj^ = e~V'°s^ ^j^^j ^gg ^j^g Markov property at time 
f/jv^Af and the bounds in Lemma 7.3(a) [recall (7.13)] to see that, for — z| > 

P''{B^,^=w-z,T^>2t^) 

<E-{l{r->f,,t,,\Bl,^\ > ^^)) supP(i?-f,^,^ =xO 

+ ^-(l(ro->wt.,K,J<^) 
< ^7.6 + 4i7(.^r)^t^)^^ 



KNtN VN{2-fjN)tN NKNtN' 

Using ^^(|5^^^|2) = 2a^{7]NtN + N~^) and H{v) ~ c/logiV as v ^ 00 
[i.e., (2.4)], and then plugging in the value of these constants, one shows 
that each of the last two terms above is 0{{N{logN)Kj\ft]\f)~^) as N ^ 00. 
Hence, there is a constant ij so that 

(7.17) < ^7.17^0^(1)^ 



£NKj\f. 

Put (7.17) and (7.16) into (7.15) to get the required bound. □ 

Proof of Proposition 7.5. Fix (/jiM^ M such that \\4>\\up < 00, and 
let e, / denote independent random variables with law PAf(-)- The structure 
of the proof is as follows. We will use duality to decompose each E{A^'~^) 
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into a sum of simpler terms [defined below in (7.20)-(7.22)], 









— l^l - 


^1 


(7.18) 






— 2^2 ~ 


^2 








— 2^3 - 


^3 



We will show that there is a sequence ?/(A^) such that, for j = 1, 2, 3, 

(7.19) -^,x^m<^mut:^^^(X). 

and that the remaining Y!'-^ are bounded above by terms of the form given 
in the right-hand side of (7.12). This will prove (7.12). Note that it is (7.19) 
which identifies the parameters of the limiting super-Brownian motion of 
Theorem 1.2. 

The S*'^ are given by 

^1'"" = ]^ E ^^^f log ^m^iK^) = 1, r^(x, X + e) > t^), 

(7.20) S?'^ = ^E<^(^)'log^^(4"^(<'^) =4"^(<'^^^) = 1' 

X 

f^{x,x + e) >tiy), 



.1,N 



(7.21) 



1, 



f^{x, x + e) Af^{x,x + f)>tN, 
f^{x + e,x + f)<tN), 
,E^(x)logiVP(eo^(<'^) =eo^(<'^+'=) = 1, 

f^ix, x + e) Af^{x,x + f)> tN, 
f^{x + e,x + f)<tN), 

-Y^<P{x)logNP{C^{B^/) = 0, 

4^«'^^^)=lo^(4^'^^^) = l, 
f^ix,x + e) Af^ix,x + f) 

Af^{x + e,x + f)>tN) 
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and 



X 



f^{x, X + e) A f^{x, x + f)> tN, 
f^{x + e,x + f)<tN), 



(7.22) j:r = j:r, 



f^{x,x + e) Af^{x,x + f) 
Af'^ {x + e,x + f)>tN). 

Although the expressions for the S*'^ are lengthy, verification of (7.18) is a 
strai^tforward application of duality. We will prove the decomposition for 
E{A^ {(t>,(,tir))^ others are proved similarly. 
Using duality, 

E(A^'+(<^,4^)) 

= ]^ E ^(^) log ^P(€ (^) = 1' {x + e)= {x + f) = 0) 

X 

^ Y: m log NP{i^{B^f) = 1, i^B^f^^) = i^{B^f^f) = 0, 



X 



f^{x,x + e) Af^{x,x + f)>tN)- 

The possibility f^(x + e,x + f) > gives rise to S3 ^. For the complement, 
letting En = {f^ {x,x + e) Af^ {x,x + f) > tN,T {x + e,x + f) <tN}, 

= ii^iB^f) = 1' En} \ ii^iB^f) = e7(<'^+^) = 1, En}. 

Taking expectations, this gives the terms S3 ^ and Sg'^, proving the de- 
composition for E{A^'~^) in (7.18). 

Before tackling (7.19), let us dispense with the error terms S*' , i ^ 1. 
By Lemma 7.6, we see, that for j = 1,2,3, 

^r<C7.umZ^'^ WJ I li\w-z\<V~SN)dX^iw)dXi;'iz) 

(7.23) 

+ {KNeNr'X^{lf 
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Next, consider Sg' , and recall that t {x,y) = t{x\' N,y\/N)/v]\f. This 
term is no larger than 



N' 

f^{x, x + e) Af^{x,x + f) Af^{x + e,x + f)>tN) 

-,N,e 



w — X, 



W X 

r^(0,e)Ar^(0,/)AT^(e,/)>t^) 

= ||<A||ooXo^(l) log iVP(r^(0, e) A r^(0, /) A r^(e, /) > t^). 
Note that T^{e,f) > t]\f implies e / /, and also that T^{x,y) > tj\i is 



equivalent to t{\/N ,x\/Ny) > vi\fti\f. Therefore, by Lemma 2.5, (2.7) and 
(2.4), we may conclude that, for a constant 24 depending on p(-), 

(7.24) S^'^ < C7.24ll'^l|oo^o^(l)(logiV)"i/2. 
Virtually the same reasoning gives 

(7.25) S^'^ < CrMmooX^mogN)-'/'. 

On account of (7.23), (7.24) and (7.25), the proof of Proposition 7.5 will be 
complete once we establish (7.19). 

Consider first the j = 2 case of (7.19). Then 



1 



j^Y.i^{w)J2cPix)logNPiB,^ 



w — X, 



f^(0,e)Af^(0,/)>t^, 

r^(e,/)<%)-7*^0^(</') 

w 

xl(f^(0,e)Af^(0,/)>tjv, 

f^(e,/)<tAr)-7V(«^))) 

Recalling the notation qx from (2.1), and using Cauchy-Schwarz in the 
second inequality below, we see that the above implies 

1^2 -7 ^0 
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w 

X EMw - Bf/) - </>H|l(f^(0,e) Af^(0,/) > t^, 

f^(e,/)<tiv)) 

^E?'o^H<^H((l°g^)9-iv*^ -7*) 



+ 



N' 

w 



<X^{l)\ogNEMl^\B^f\^fl\'X 

+ ||(/.||oolo^(l)|(logiV)g.,t,-7l 
<\(l,\i,^^X^ {l)\ogN{2a\N-^ + tM)H{2vNtN)f''' 
+ ||(/.||oolo^(l)|(logiV)W.v-7l. 
Thus, by (2.4) and Proposition 2.1, 

(7.26) |S^'^-7*Xo^(<A)l <r?7.26(^)ll<^llLip^(f (1), 

where r?^ 26 ("^) — *■ as ^ oo. Virtually the same argument gives the same 
bound for - -i*X^{(t))\. 

Finally, arguing as we did for ^2'^, we have 

|El'^-2vra^Xo^(<^2)| 

^,Y.io{^)[^ogNE{<t>\w - <'°)l(r^(0,e) > t^)) - 2wV'(^)] 

<^Y.^^{w)[logNE{\<l^\w-B^f)-<t>''{w)\l{T''{Q,e)>tM))] 

w 

+ ^J2^oH<P'H\ logA^P(r^(0, e) > t^) - 2^^! 

to 

<Xo^(l)(logiVi?((2||,^||oo|0|Lip|<'°|)')^/'i?(2^;7vt^)^/2 
+ ||<^||L|(logiV)i7(2i;^t^)-27ra2|). 

Again, since £^(1^*^ P) < 2aHN, (2.4) implies that 

(7.27) \J:l''^-27ra'X^{<p')\<V7.27(m^im<P\\U, 

where 7/7 27 i-^) as N ^ 00. The required result, (7.19), has been proved 
thanks to (7.26), its analogue for j = 3, and (7.27). This completes the proof 
of Proposition 7.5. □ 
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The next result will allow us to deduce Proposition 7.1 from Proposi- 
tion 7.5. 

Lemma 7.8. There is a constant Cy £8 ^'^ that, for j = 1,2,3, ^ 
R, and aUO<t<l, 



(7.28) 



iE(A;'-(,^,ef))-i^(A;.''-(0,ef))i 

where m{j) is as in (7.11). 



Proof. The proofs are quite similar, so we only consider j = 2. If ^, G 
{0, 1}^^ satisfy < 7], then (5.34) with = 6x implies 

|(l-r?(x))/f(x,7?)2-(l-e(x))/f(x,0'| 

< r?(x) - e(x) + 2[/f (x, r?) - /f (x, 0]- 

If we apply the above with rj = and = S,^ , "we get 



|£;(A^'+(</>,^f))-s(A^^'-(<^,ef))| 



Af,- 



< 



N' 



E 



E[(i-^T(-))/f(-,eT)^ 

-(l-ef(rr))/f(x,ef)^]logiV0(x) 



< 



,logiV£; 



7EeT(^) -ef (x) +2(/f (x,eT) -/f (x,ef )) 



<3||<A||ooiogiv[ii;(xf(i))-ii;(xf(i))] 

< 3||.^||ooC6.7[(logiV)-i + tlogiV]Xo^(l) for < t < 1, 
applying the bound (6.7) in the last inequality above. This argument gives 

AT 

^2 



the same bound for |£(Af '+((/>, ^f)) - S(A^'+((/.,|f ))|, and (7.28) follows 



by the triangle inequality. □ 

7.3. Proof of Proposition 7.1. Let m(j) be as in (7.11). By writing (j) = 
<j)^ — <j)~ if m(j) = 1, we may assume cj/'^^^'^ > 0. Combine Proposition 7.5 
and Lemma 7.8 to conclude that 



|^(A-(0,^-))|<r?7.i2(iV)(^,^^(l)+^,^^(l) 
<^7.12l 



Lip 



+ 



oo 



En 



l{\w -z\< y/5N) dX^{w) dX'^ {z) 
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+ C7.28 



[(logiV)-i+t^logiV]Xo^(l) 



By our coupling and (6.7), 

<mz^^^E{xg{i)-x^{i)) 

-(^•)[(logiV)-2 + t^]Xo^(l). 



6.7 

If we insert the above into the previous inequahty we obtain the required 
upper bound (7.4). 



7.4. Proof of Proposition 7.2. We wiU work with the biased voter model 
and prove an analogous result for it. Namely, there is constant Cj 5 such 
that 



E 



li\x-y\<V6N)dXl'ix)dXmy) 



(7.29) 



<C7.5e^7.5*(Xo^(l)2 + Xo^(l)) 
5n 



(l + t2/3) + 5^rV3log 1 + 



5n 



Since < , (7.29) would imply (7.5). 

To prove (7.29), we need two estimates which are simple consequences of 
Proposition 7.3. We express these estimates in terms of the random walk 
B^'* which takes steps according to pn{-) at rate vn + = N + 9\ogN 
and has semigroup Pj^'* , introduced just before Proposition 4.4. 



Corollary 7.9. (a) For all xgSn and t>0, 



(7.30) 



x) < 



i + m' 



(b) Assume (5^ j and N6'j^ — > 00. For each K > 0, there is a constant 
C7.3l{K) >0 so that 



(7.31) inf N6'nP{B^/ 

N>1,w£Sn,\w\<K^/5^ 



■ W 



>C7.3liK). 



Proof. Inequality (7.30) is a direct consequence of (7.6). The inequality 
(7.31) is a direct consequence of (7.9) and the fact that P{B^ = x) > for 
anxGZ2,t>0. □ 
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For x,w E Sn, let p^'^{x) = NP{B^'* = x — w) and (x) =p^'^{x). 
For fixed £,t > 0, let = p^J^i_g{x). If M is as in Lemma 5.5 and 

(^:M+ x_ Sat ^ R, let (t)N{s,x) = (l){s , x / VN) , x G Z^, and M/^((A) = 
{N')~^ Mt{4>N)- By (5.36) and integration by parts, 

Jo 

ft 



JO 



Then S([M"((^^)]f) = A^'^^^j-^^jj^^z)^^^) g^j^^j ^^^y ^^^j^g means and 

use Lemma 5.5(a) to conclude 

Eixi^iP^n') 

(7.32) 

^^7.32^E^f4t.(x)^[e(x)/o^(x,a 

+ (l-e(^))/f(^,ep^)- 

Sum over z, multiply by e/N, and use jj Y^zPs^'^i^)Ps^'^{y) —Pisiv ~ ^) 
see that 

E(^j jepg{y-x)dX^{x)dX^{y)) 



ep';(,+t){y-x)dX'^{x)dX^^{y) 
+ ^E(^m J epg,+,_,)(y-x)6^/o^(y,ef)dXf (x)dXf (y)ds) 



+ (i-e(^))/f(^,C"f)]Ms 



- iT2iv(FT7) ° 
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rt cAT 

+ 2C,^32C7.6 1 , ^ ,^(, ^ , _ E(logA^Xf(/,"(g)))d.. 

where we have used (7.30) in the last hne. Next use the mass bounds (6.5) 
and (6.6) and the definition of g in (4.1) to bound the sum of the last two 
integrals by 

Ce^4.1* f —^s-y' ds [X,^{ir + Xo^(l)]. 
Jo £ + t — S 

Consequently, there is a constant C7 33 such that, for < t < T, 
e( f lepl{y-x)dX^'{x)dX^'{y) 



(7.33) 

< C^7.33«''7.33^[Xo^(l)2 + Xo^(i)] (^-^(1 + st^^) 

+ 2et-^/2 log(l + t/e; 

(split the integral at t/2). Now set e = 5^ and note that the above upper 
bound is the right-hand side of (7.29). The left-hand side of (7.33) is bounded 
below by 

^(/ / ^NP2Sr,{y-^n\y-x\<Vs^)dx['ix)dxl'iy)^ 



> 



C7.3i(l)i?(l(|y-x| < VSN)dX,''ix)dX,^{y)) 



where > by (7.31). Combine this with (7.33) to complete the 

proof of (7.29), and hence, Proposition 7.2. 

8. Proof of Proposition 4.7 — Part II. We will make frequent use of the 
following elementary estimate. If : M'^ ^ M such that \\4>\\oo !^ K, then there 
is a constant Cg 1 = Cg i{K) such that, for j = 1, 2, 3 and s > 0, 

(8.1) |Af(,^,e)|<C8.i(K)[Xf(logiV/o^(-,e)) + ^f(l)]- 

Now let J > 1, = inf{s : Xf (1) > J}, t < T, 1< p < 2, and recah the 
sequences defined in (7.3). Assume also that ||0||Lip V X^(l) < K. We first 
show there is a constant Cg 2{T,K,p) such that, for j = 1,2,3, 



^.2) E(\^j\{s>T^ + tN)AficP,^^)ds 
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<2P/2p('supXf (1) > J 



s<t 
■t 



(2-p)/2 



p/2 



^8.1 J2^ 

E(^j\x^^{\ogNf^{0) + < (1)) ds, 

(logiV/(f(ei^_,i)) + xZ-s, (1)) t^S2 
i?^'^«(logiV/o^(4^)) +Xi^(l)) 



p/2 



< 



C{T,K,p) 



r[(5(s2-5l) + l)Xi^(l)]dS2dsi 
J Si 



p/2 



for a constant C{T,K,p). In the next to last line we used (8.1) and in the 
last line we used (4.2), (4.3) and (4.4). After simplification and applying 
(4.5) and (4.3), we have that the last line above is at most 



p/2 



for a constant C'{T,K,p). This proves (8.2). 
We can now use estimates. Let 

(8.3) J\{s<T^ + tN)Af{(l),^^)ds ^^=h{N,J,t)+h{N,J,t) 

where 

h{N, J,t) = 2e(^J^ 1(si < r7 + t„)Af (</>,4^) 
h{N, J,t) = 2e(^J^ lis, < Tf + t„)Af (0,ei^) 

X f l(si +tN<S2<Tf + tN)Af{(^, ei^) dS2 dsi 

J Si 



52 J. T. COX AND E. A. PERKINS 

By (8.1), the Markov property and (4.2) and (4.4), it follows that Ii{N, J,t) 
is at most 

2C|_i(K)£;^^[Xi^(logiV/o^(^i^)) + <(!)] 

X / ExN{X^^_,^{logNfi'{CZ-sJ) + xZ-sA^))ds2ds^ 

J Sl ^ 

< 2C|ii?^'^[Xi^(logiV/o^(ei^)) +Xi^(l)] 

X ['^'\9{S2 - Sl) + C4.2(T))Xi^ (1) ds2 dsi^ . 

In view of the definition of g{s), (4.3) and (4.5), it follows that there is a 
constant Cg ^{K,T) such that 

(8.4) h{N,J,T)<Cgj^{K,T)4\ 

Turning to I2{N, J,T), we may use Proposition 7.1 and (8.1) to see that, 

for Si+tN < S2, 

|£;(i(si<T7)i(s2<r7 + t^)Af(,^,ef:)Af(0,O)l 

<i?(l(si<r7)l(s2<T7 + t^)|Af(0,ei^)||E^. (Af(0,^,^))|) 
X l(.i < T7)[Xiy (logiV/o^(4^)) + xi^ (1)] 



X C7 4 



ry7.4(iV)(Xi^_,^(l)2 + xi^_,^(l)) 

X / /l(|^«-z|<V^)dXi^_,^(z)dXi^_,^(u;) 



Since 1{T^ < si < T/ + tAr}l{si + i^v < 53 < + t^v} = 0, this implies 
that 

h{N,J,t) 



E 







■ i(.i < r7)[xi^(iogiv/o^(ef:)) + < (1)] 



X C^7.4(^7.4(^^)^x- (/^ "''(Xi^(l)2 +Xi^(l))d.2) 
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X E 



XN 
"1 



l{\w-z\ < ^6n) dXg{z) dX^^{w) ds 



dsi. 



Apply (4.3) and Proposition 7.2 to see that there is a constant C{T,K) 
such that l2{N,J,T) is bounded above by 

C{T, K) E {l{s, < r7) [Xi^ (log 7V/o^(ef:)) + (1)] 

7?7.4(iV)«(l)2 + xiy(l)) 



+ £^iC7.5(Xiy(l)2 + xiy(l)) 



S2 

6n 



dsi 



dsi 



<C{T,K){r + J) 
rT 



X 



/ i<;(Xi^(logiV/o^ (4^)) +<(!)) 





-1/3 1 



log( 1 + ^ ) ]dS2^ds 
ON 



By using (4.2) and (4.4) and evaluating the remaining deterministic inte- 
grals, we see that there is a constant C§ ^{K,T) such that 



^.5) /2(iV,J,T)<C8.5(K,r)(j2 + J)r/8.5(iV), 

<5/v i„„i'i I T 

By standard inequalities, 



wherer/8.5(iV) = f^log(l + ^) + 7y7,4(iV)^0 asiV^oo [recall (7.3)]. 



E 



f\f{^,s,C'')ds 
Jo 



< E 



Af{cl>,s,e')ds 



2\ \ p/2 



<{h{N,T,K)^/^ + l2{N,TJ<) 



We now choose J = Jjy ^ oo such that J^r^g 5(-^) ^0 N ^ oo. Then 
(7.2) follows from (8.2), (8.3), (8.4), (8.5) and the last inequality. As was 
noted at the beginning of Section 7, Proposition 4.7 is then immediate. 
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9. Proof of Theorem 1.3. The proof of survival in [3] was given for gen- 
eral voter model perturbations assuming d>3 and N' = N. Here we are 
concerned only with Lotka-Volterra models, but are working in dimension 
d = 2 with mass normalization N' = N/\ogN. In this section we will state 
and prove analogues of Lemma 3.2 and Proposition 4.2 of [3]. Given these 
results, the argument in Section 5 of [3] applies without further change to 
complete the proof of Theorem 1.3. We will content ourselves with proving 
survival only, and not derive a lower bound on the probability of survival as 
given in Corollary 3 in [3]. 

For any K > 2, L > 1 and iV G N, define / = [-L,L]^, h = (2L,0) + 
/, /_i = (-2L,0) + /, /' = {-KL,KLf, and = {-KLy/N ^KL^/Nf . 
For lo G {0, 1}^', supported on let {^t{x):xe I?,t> 0} be the Lotka- 
Volterra model where all sites x ^ I'j^ are set to for all time. We may 
construct ^. and as the solutions of a stochastic differential equation as 
in [3] [see (SDE)(r) in Proposition 2.1 of that paper] so that if |^o| < oo 
and ^0 !^ Co) which we will assume throughout, then < it for all t > 0. For 
X e S^, let eT(^) =iNt{x^J, = T^yExes^ef and be 

as usual. Note that and are supported on 

The main technical step in the proof of Theorem 1.3 is the following 
version of Lemma 3.2 of [3]. Among our standing assumptions (1.8)^(1.10), 
it only requires (1.8)(a) and (1.10). Let || • || be the sup norm on R^. Recalling 
the independent random walk family Bf introduced just before Theorem 1.1, 
we define here 

(9.1) /3f'^ = i?S^, xgS^. 

Also define 

(9-2) = ^ 

from the following: 

Lemma 9.1. There exists a nondecreasing Cg 5:!^+ — >M+, depending 
only on 6 and p{-), such that, for any N^N,t>0, K>2, L>1, if Xq = 
Xq is supported by I, then 

S(Xi^(l)-Xf(l)) 

(9.3) 



<Cg,3{t)X^{l) 



logiV V„<t(i+5;,) 



Given this bound, the next step is the following analogue of Proposition 
4.2 in [3]. Recall the definition of S"^ before Theorem 1.3. For a = (accti), 
let ||a||i = |ao- 1| + |ai - 1|, and for > 1, let 7^ = e-^^^ir+i)^ ^ 
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Proposition 9.2. Assume < ?] < 1. There are L,K,JeN,T>l and 
r S (0,e~^) depending on rj such that if 



iog(i/ii«iii: 
iioiii 



1/2 



(9.4) aG5'', ||a||i<r and N = N{a) = 
then {!) = (1) > J implies 

(9.5) P"(X^ ih) A X^( (/„i) >J)>1-JK. 

Inequality (9.5) is just what is needed to show that the Lotka-Volterra 
process "dominates" a super-critical oriented percolation, and hence, sur- 
vives. The details of this argument are spelled out in Section 5 of [3], and ap- 
ply without change to the current setting. Therefore, to prove Theorem 1.3, 
it suffices now to prove Lemma 9.1 and Proposition 9.2. We will start with 
the proof of the second result, assuming the validity of the first one. Our 
argument closely follows the proofs of Proposition 4.2 and Theorem 8.3 in 
[3]. 

Proof of Proposition 9.2. We now choose certain constants which 
depend only on ?y > and p{-). Let c = c{a) > 1 be large enough so that 

(9.6) exp(-c2KVl7o-2) < 7^/4 for ah K>1. 

As in Lemma 4.3 of [3], we may choose T = T{ri) > 2 and L = c\/T G N such 
that if Xt is super-Brownian motion with branching rate 27e, diffusion rate 
0"^ and drift do G [777* /24, 7*] [recall 7* from (1.12)], then there is a constant 
Cg 7 = Cg 7(77) such that 

(9.7) P{XT{h) A Xt{I^i) < 3Xo{I)) < Cg j/Xo{I). 
Next, let K > 4 + ^ be large enough so that 

(9.8) 8Cg.3(r)e-^'^'/i6-^ < g-'^'^'/i^.^ , 
and let J G N be large enough so that 

(9.9) C9.7/J<e-^'^'/i^'^'. 

By monotonicity of X^ (Proposition 2.1 (b)(ii) of [3]), we may assume 
Xq^ (I) = Xq^(1) = J. We claim that, with c, T, L and K defined above, there 
exists r G (0, e~^) such that if a G 5^, ||a||i < r, and = N{a) is defined as 
in (9.4), then 

(9.10) P"{X^ ih) A X^ (/_i) < 3J) < 2e-^'-^'/^^"' 
and 

(9.11) P'^iX^ (Ij) - X^ (/j) > J) < e-^'^'/i^'^', j = ±1. 
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Given these estimates, it is straightforward using (9.6) to complete the proof 
of (9.5). 

Before beginning the proofs of (9.10) and (9.11), we note that 

(9.12) ao-ai >-||a||i for all a G S"* 

3 

and also that for a G and N' = N'{a) = N {a) / log N {a) , 

(9.13) iV'||a||i G [i,l]. 

These estimates follow from (crude) elementary calculations which we omit. 
(9.12) uses 77 < 1 and (9.13) uses ||a||i < r < e~^. 

If (9.10) fails, then we may suppose there exists a sequence a*" G S^' and 
initial states X^"^ supported on / with X^'"(/) = J such that lla^Hi 
as m ^ CO, and 

(9.14) P^"\xnh)AXr'{I^,) < 3 J) > 2e-'='^'/^^-' for all m. 

We may assume, by taking an appropriate subsequence, that Xq"" — > Xq for 
some Xq G Adf supported on / satisfying Xq{I) = J. We may also assume, 
in view of (9.13), that iV;„(aS^ - 1, a^^ - 1) ^ (6*0, 6*1) for some (6*0, 6*1) G M^. 
The inequalities (9.12) and (9.13), and the fact that |ao — ai| < ||a||i imply 
that 

7* (00 - e,)=hm^^*NUa^ - aT) G [vi* /24,j*]. 

Now let Xt denote super-Brownian motion with branching rate 2^^ , diffusion 
rate cr^ and drift j*{9o - Oi). By Theorem 1.2, the fact that Xridli) = 
a.s., and the inequalities (9.7) and (9.9), it follows that 



limsupP" (^r (-^1) < 3 J) < Pxo(^t(/i) < 3 J) 

m— >oo 

Since the same estimate is valid for (9.14) cannot hold. This proves 
(9.10). 

Now consider (9.11) for Ii. Following the proof of (4.11) in [3] (the odd 
lower bound on K is used here), the invariance principle for Brownian motion 
and a standard Gaussian estimate imply there exists a sequence eat — > 0, 
depending ultimately on t], and ^, such that 

p{ sup ||/?^'°|| >(K-2)l) <8exp(-c^^^Vl6fT^)+eiV• 
V«<T(l+5;,) / 

Combining this estimate with (9.3), the coupling < and Chebyshev's 
inequality imply 

P{X^{h)-X^{h)>J) 

(9.15) 



< 



C9.3(r)Xo^(/) 



1 AT + °^ + 

log A* 



'J. 
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If (9.11) fails for /i, then we may assume the existence of sequences a^"" 
and X^"^ as before, such that, for all m, 

(9.16) P""^™ (^t'"(-^i) - ^t"(/i) >J)> exp(-c2E:Vl7a2). 
However, the estimate (9.15) imphes that [recah Xq {I) = J] 

hmsupP"'^'" (^t'"(^i) - X^'^ih) >J)< 8C9.3(r)e-'='^'/^'^"' 

m— ♦oo 

<exp(-c2ifVl7CT^), 

by (9.8), and this contradicts (9.16). □ 

To prove Lemma 9.1, we must also work with the rescaled voter and 
biased voter models X^ , X^ from Sections 5 and 6 with rates 

and bias and h^, respectively, as in (5.15), as well as their counterparts 

with boundary values off of , , X^ and X^ . We will assume that 

S,Q = = S,Q and S,Q = = ^0 so that the construction of these particle 
systems via (SDE)(I') as in [3] ensures that 

(9.17) e7<eT, ef<eT forant>o, 

as well as 

(9.18) CT<lf, it^<~(? foralH>0. 

We use EcN cn to denote expectations for our initial conditions £^ < £^ as 
above. 

Proof of Lemma 9.1. In this proof constants C and functions C(-) 
will depend only on 9 and p{-), and may change from line to line. The C{T) 
will always be assumed to be an increasing function from to M+. Implicit 
use of Remark 4.6 will be made to ensure this from time to time. 

Let denote the semigroup of (3^'^, killed when it exits I'. Arguing 
just as in the proof of Lemma 3.2 of [3], we get 

Xf(l)=Xo^(P,^l)+M,^ 

(9.19) +logiVeo^^*^5:P,^,l(x)(l-ef(x))/f(x,|f)2d. 

- log iV< f^Y: ^.^.l(^)ef (x)/o^(x, i^f ds, 
where is a square integrable martingale with mean 0. Since Xq = Xq^ , 
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we may take differences with (3.7) (with (j)s = 1) to conclude that 
E{X^ {!) - {!)) 

X ) 

(9.20) +<logiV ^\^Y.Pi-s^^^) 

x[(i-ef(^))/f(x,^f)^ 
-(i-ff(x))/f(-,eT)^]) ds 

-e(^)/o^(^,e)']) ds. 

Choose (j)K,L ■ so that 

1{x>KL)<(I)k,l(.^)<1{x>{K-1)L) and |</>i^,L|Lip < 1- 

Then 

(9.21) l-Pll^l{x)<E(^<PK,L(^snp \\x + B^^^\\^'^=ht-six) 
and 

(9.22) \ht-s\up<l, ||/it-s||Lip<2. 
For s <t and £, < £, are in {0,1}^^, define 

Ho{t-s,o = ^-^Y.^'t-s{x)[ii-ax))ffix,o'+ax)fo''ix,cf] 

X 

Hii^) ='-^j:\^{x)fo''{x,o' -^{x)fo''{x,m 

X 

H2{a) = ^El(l - C{x))h''{x,0' - (1 - e>))/f (x,0^ 
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From (9.20) and (9.21) we get 



i?(Xf(l)-Xf(l)) 



N, 



(9.23) <Xl^{l-Pl^l) 



f E{H,{t - s, ef )) ds+ fY. m^,i^) ds 

Jo Jo 



Our goal is to show, by estimating each of the above terms, that there are 
constants Co(t) and Ci such that 



i?(xf(i)-xr(i)) 



(9.24) <co(t)X(f(l 



KL 

\okN 



+ P[ sup 



dN,0\ 



u<t{l+5') 



> {K - 2)L 



+ C1 / E{X^{l)-X':{l))ds 



N I 



Applying Gronwall's lemma, we obtain (9.3). 

Step 1. The first term in (9.23) is simple. Since Xq is supported on 



(9.25) <(1 - 1) < Xo^(l)pf sup I 

\u<t 



37V,0| 



>{K-l)L]. 



Step 2. Let e = {[ogN]"^ , where p = 18, and consider the Hq term in 
(9.23). (The choice p = 18 is used only in the last line of this proof.) We first 
note that 



N' 



\ogN 



Ho{t-s,0 



^ E E[(i - ^(^))^(y) + - ^iy))]PNiy - x)ht-s{x) 



X y 



X y 

using (9.22) and the covariance assumption on p to bound J2z \Apn{z) by 
\/2<T-/V~^^^in the last line. Now we may use the Markov property and the 
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above to see that 



<e(^J^ Ho{t-s,^^)ds 

+ E ^j'^' 2E^^_^ (Xf (log Nf^{i^))ht-s) ds 
loeiV /-^ve 



+ \/2, 



a- 



<21ogiVi^^ ^^Wds) + --^E^j^ 

+ 2C^_^E(^j^ Xl^{ht-s)dsj+V2a^ E{X^{l))ds, 

where we have used the trivial bound HQ{t — s,^^) < 2logNX^ {!), Propo- 
sition 4.5 and (9.22) in the last line. Recall the definition of -P/^'* before 
Proposition 4.4. Next use (4.2), Proposition 4.4, (9.22) and a bit of arith- 
metic to bound the above by 



2C4.8 



tVe 



C{t) 



loffAf 



+ / x^{p!'2:ht^s)ds 



for some C (t) . In view of (9.1), '* = Pt^i+s'^), where is the semigroup 



of P^'^, and we readily see that 



P^4ht-six)<Pi sup ||/3^'ni>(i^-l)L 

\u<t{l+5'^) 

Now use the fact that Xq^ is supported on / to conclude that 
E(^I^Ho{t-s,^^)ds^ 



(9.26) 



<Cg_2Qit)X^{l 



{logN)-' + p( sup ||/3^'0||>(K-2)L 
Vn<t(l+5^) 



for some Cg 26(*)- 

Step 3. Turn next to the Hi terms in (9.23), i = l,2. With an application 
of the Markov property in mind, let us for the moment consider more general 
initial conditions than that in the theorem and assume only ,^g^ < are 
such that I^Q^I < 00 and .^q^ is supported on We couple < and 
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-N - 

< described above so that (9.17) and (9.18) hold. Let q = l/6 and 

for 6>0, let 

I'{6) = {wel':d{w,dl')<6}, 

where d{w, dl') is the distance from w to the boundary of /' in the supremum 
norm on M^. The goal of this step is to prove that there is a constant Cg 27 
such that 

(9.27) 

< ^"9.27 



e 



X^il) - X^il) + 4^ + logiVXo^(/'(2.^)) 



As before, we proceed via comparisons with the biased voter model and 
voter model, and hence, need the decomposition 

(9.28) E^^^^^{H,iC^,i^)) < Ti + r2 + E^^^^^{H,ii^~i^)), 
where 

Ti = = E^N^^N{\Hi{£,^ - iJj(^f )|), 

= ri = E^^^^^mi^^;^^) - i?.(if ,|f )i). 

After expanding Fi using the definitions of Hi and H2, and rearranging 
using the inequality | |a — 6| — |c — d| | <\a — c\ + \b — d\, we have 

Ti < £'^^^^-Ar(i?j(^f )) + E^N^^N{Hi{^^ 

We estimate these two terms as follows. 
By (5.33) and (5.34), we have for z = 1,2, 

E^.{H,{C^,C^))<3\ogNE{X^{l)-X^{l)) 

(9.29) < 3C6.7logiV[(logiV)-2 + e]Xo^(l) 

<C9.29^(f(l)/logiV 

for a constant Cg 29 > where in the next to last line we used the basic coupling 
and (6.7). 

Again, as in the proof of Lemma 3.2 in [3], and arguing as in (5.36), we 
may show that, for some square integrable martingale M^, 

If (1) = Xo^(P,^'*l) + i^f + /^^logATlf (P,^';i/o^(e)) d., 

Jo 

where P^'* = P^ij^s' ) ^^"^ ^'n ^ ™ (9.2). Take differences with (9.19) 
and use the fact that isdecreasing in t to see that 
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E{X^{1) - (1)) < Xo^(Pjf,+,^)l - 1) 

+ 2^1ogiV r E{Xf{l)+Xf{l))ds 

(9.30) /° 

<2^1ogiV r E{X^{l)+X^{l))ds 
Jo 

<CilogN)-^X^{l), 

where (6.3) and the coupHng (9.18) is used in the last hne. Now repeat the 
derivation of (9.29) to see that, for i = 1,2, 

(9.31) E^^iHiil^,^^)) < 3C{logN)-'X^il). 

We have therefore proved [(9.29) and (9.31)] there is a constant Cg 32 such 
that 

(9.32) ri<C9.32(logiV)-%^(l), i = l,2. 
Similar reasoning leads to 

(9.33) r2<C9.33(logiV)-%^(l), i = l,2. 

To finish the proof of (9.27), it remains only to prove the voter model 
inequality 

[fm^^i^)) < ^^9.34(^0^(1) - x-n) + Igll 

(9.34) * ^ 

+ 61ogiVXo^(/'(2e'')) 

for a constant Cg 34. We need an elementary lemma. 

Lemma 9.3. //|< ^ G {0, l}^^ , H^{ti) = ^E.(e(x)-f(^))/o'^(^,0 
and H^iCi) = '^j:Ji^)[fo{x,i) - /(f (x,e)], then 

^i(c,l) +i/2(e,o <3(^i(c,o +^2(c,0)- 



Proof. 

^2(e,6 < ^E(i - e(x))[/i(x,e)' - fi{x,if] + (e(x) - e»)/i(^,ey 

< E E(i - C{x))PN{y - xmy) - i{y)) 

X y 



^""^T? E E(^(^) - ii^))PN{y - x)i{y) 



N' 

X y 
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= 2H, (e, i) + ^Yl iiy)J2pNiy - ^) (i - e» - (i - e(x))) 

y X 

= {2Hi+H2mi). 

Simpler reasoning shows that Hi{S,,(,) < {Hi + 2H2){S,jO- ^ 

To prove (9.34), we will also need an extension of the voter model duality 
described in Sections 5 and 7. Define the killed walks B^'^ and B^'^ by 
setting them equal to the rescaled walks B^'^ and ^f^'^ of (7.13), but killed 
(set equal to a cemetery state A) when they first leave /' at time 

f^(x,l') =inf{t>0:5f'^'^/'}. 

We also set 

(9.35) e^(A) = 0. 

With this convention, the joint duality we need is as follows: for all ej,/j € 
{0, 1} and Xi,yi G Sat, 

P^N (If (x,) = ej^ivi) =n,i = l,...,M) 

(9.36) ° ' ° 

= p(Co^(4'^'^o = e^,i^CB^'y^) = n,i = i,...,M). 

This is readily obtained from the coupling of and through the 
stochastic differential equation in Proposition 2.1 of [3]. One can refine the 
dynamics there by using appropriately defined uniformly distributed random 
variables to identify the "parent" of a or 1 , enabling us to define the usual 
Poisson arrows, which in turn allow us to define the coalescing dual. If the 
dual random walk from a site x leads to a site outside we know that 
^^{x) = by our boundary conditions and so by freezing the dual random 
walk at A, we ensure the validity of (9.36) thanks to (9.35). The details are 
standard and left for the reader. 

As before, e denote a random variable with distribution pN, independent 
of our coalescing random walks. Let I' — x he the obvious translation of /'. 
By (9.36), we have 

= ^ E = 1, l{x + e) = 0, + e) = 1) 

X 

= ^^j:p(^oCB^n = U^Cb^^'^i = o,eo"^(4"^'^+^) = i) 
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X 

+ p{i^i~B^n = i,e~^(4^'^+^) = 1,1^(4^'^+^) = 0)], 

since ^oiB^'"'^^) = implies '^+") = 0, and eo'(^f '^+^) = 1 implies 

{B^'^'^'^) = 1. Using translation invariance, and the fact that {B^'^) = 
1 and ^o'^ (B^'^~^^) = imply B^''^ and B^'-^'^'^ have not coalesced before e, 
the above is not larger than 

^°^7^ E(^o"^H - ~^o{^)) E ^(4^"^ = ^ - r^(0, e) > e) 



N' 



w 



+ ^ E eT(-) E ^(4^'^ = - - X, e) 

W X 

= Si+S2. 

Summing over x first, and using (2.4), we conclude that 
Si = \ogN{X^{l) - X^{l))H{Ne) 

(9.37) 

for a constant Cg 37. In the last, recall from Step 2 that e = (log A^)"^*^. 

For 52, we first separate out the sums (1) w G I'{2e'^) and (2) w £ I' \ 
I'{2e'^) and — x|| > e'^. Note that d{x,dl') > for the remaining x,w. 
Therefore, 



S2 < logNX^^l'{2e^)) + \ogNX^^l)P{\\B'^^^ > e 
og- 



+ ^ E E e /' \ /'(2e^), ||x - w\\ < E^)i^iw) 



Pi B^'^ = w - x,sup\\B^'^\\ > e' 

U<£ 



< \ogNX^{l'{2e'i)) + \ogNX^{l)E{\\Bf^^f)e~^'i 
+ logiVXo^(l)pfsup|4^'^||>e«' 



(9.38) 



\n<e 

<logiVXo^(/'(2e^)) + C9.38logiVXo^(l)ei-2, 

for a constant Cg 38, where we have used Doob's weak maximal inequality 
in the last. Combine (9.37) and (9.38), and use p{l — 2q) > 2 to derive 

^e'^,c/^'^^2(Cf )) 

(9 39) 

<logiVXo^(/'(2e^)) +Cg.3g[(logiV)-iXo^(l) +Xo^(l) -Xo^(l)] 
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for a constant Cg 39. 

For Hi, we have, by similar reasoning. 



X 
X 

+ Pii^iB^n = hc^{~B^n = 0,^0^(4^"^') = 0)] 

< ^ E(^o^(^) - ^oH) E ^(4^'° = w-x, f^(0, e) > e) 

W X 

+ ^ E E ^(4^'° = ^ - ^, r^(o, /' - X) < 

UI X 

The 5- are actually slightly simpler than Si to handle (we have in place of 
e) and so, as before, we may bound E^n ^n{Hi{^^ ,^^)) by the right-hand 
side of (9.39). Combine these two bounds and use Lemma 9.3 to complete 
the derivation of (9.34), and hence of (9.27). 

After inserting bounds (9.25), (9.26) and (9.27) into (9.23), the Markov 
property implies that 

EiXl" (1) - Xl" {!)) 

<Xo^(l)p(sup||/3,^'0||>(i^-l)L 

\u<t 

+ e"C9.26(t)^o^(l) 

(log iV)-i+pf sup ||/3^'0||>(i^-2)L 
V«<t(l+5^) 

+ eE(^J\Hi+H2){C^,i^)ds^ 

r*v. / Xf„,(l) 



+ ^"C9.27^(/ 'i?(^il.(l)-^f-.(l) + 



logAf 

log NXf_,il' {28''))] ds 
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Thus, in order to prove (9.24), it suffices now to prove the two bounds 



(9.40) 



and 



E{{Hi + H2){C^,i^))ds + 



1 



log N Jo 



E{X^il))ds 



< 



^9-4o(*).Xo^(l) 



I0S.N 



(9.41) logiV / EiX': {I'{2e'^)))ds <Cq ^i{t)iKL/logN)X^ (1). 
Jo 

The bound (9.40) foUows easily from (4.2), the definition of e and the fact 
that Hi{^^,^f) < 21ogiVXf (1). For (9.41), let /'(e) = {w:d{w,dr) < iei} 
and choose tp^-.M? ^ [0, 1] such that 

l7'{2e9) <A< and IIV'ellLip < e"^- 

Then, using Proposition 4.4, the left-hand side of (9.41) is bounded above 
by 



logiVi?^ (V'.)ds 
< c{t) ' 
<c{t) 



e^^(logiV)(3-?')/2Xo^(l) +logiV f\^{P^'*i;,)ds 

Jo 

(logiV)-9/2Xo^(l)+logiV lY P{B^^*'-eI'{e))X^{dx)ds 



for some c{t), where B^'*'^ is a random walk starting at x with semigroup 
'* as in Proposition 4.4. Use the bound on P{B^ '*'^ = w) from (7.30) to 
see that 



logiV 



P{B^'*'^ €l'{e))X^{dx)ds 
* emKL 



<.X„"(l)logiv/^^^* 

= cX^{l)KL{\ogNf~Pl^ log(l + iVt) 
<c{t)KLX^{l){\ogN)-\ 



We have finally used our choice of p = 18. This proves (9.41), and hence, 
completes the proof of (9.24). □ 
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